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§1. |[Notations

Top. manifolds: Hausdorft + countable basis. Partitions of unity.
n-dimensional differentiable manifolds: M". Everything is C'*°.
F(M):=C>®M,R); F(M,N):=C>M,N).

(x,U) chart = coordinate vector fields = 0; := 9/0z; € X(U).
Tangent bundle T'M , vector fields X(M) := (T M) = D(M).

Submersions, immersions, embeddings, local diffeomorphisms.

Vector bundles, trivializing charts, transition functions, sections.
Tensor fields X75(M), k-forms QF(M), orientation, integration.
Pull-back of a vector bundle 7 : E — N over N: f*(E).

Vector fields along amap f: M — N = X; =T(f*(TN)).
f-related vector fields: closed by Lie bracket.

Ezample: Lie Groups G, Ly, Ry; g = T.G is an algebra;
Integral curve v of X € g through e is a homomorphism =-
exp® g — G, exp®(X) = (1) = exp(tX) = y(t).

Exercise. 1f ¢ is the flux of X as above, then Ly ooy = pr0 Ly Vg € G and ¢y = Ry(y).

§2. |Geometry = Measurement of the Earth

Geography: Anaximander (610BC - 546BC) imagined Earth as a
“column” floating in the center of the universe, “without resting
on anything, but without falling”. Pythagoras (570 BC - 495
BC) believed a spherical Earth, and so Aristotles. Protagoras
(481BC - 411BC): Earth should be somehow curved, since boats
“sank” at the horizon. By 350BC, every illustrated Greek believed
in a spherical Earth. Eratosthenes (276BC - 194BC), measured



the Earth circumference in ‘stadia’. He computed the angle as
“a fiftieth of a circle.” Total error < 16.3%. Columbus knew
Eratosthenes measurement (!!!) but cited Strabo (63BC - 23BC)
and Ptolomy (100AC - 170AC), who wrongly computed 29000km
instead of 40000km, to get $$$$ from the Queen Isabella I for
his trip. Eratosthenes also measured the angle of the Earth axis
with respect to the ecliptic, and its distance to the Sun. Watch
Cosmos video.

§3. |Riemannian metrics

Gauss, 1827: M?* C R® = ()|, Ky = Ky ((,)), distances,
areas, volumes... Non-Euclidean geometries.

Riemann, 1854: (,) = K (relations proved decades later).
Slow development. General Relativity pushed up!

Riemannian metric, Riemannian manifold: (M",(,)) = M".

Gij ‘= <817 (9]> c F(U) = (gij) c COO(U, S(H,R) M Gl(n,R))
[sometries, local isometries, isometric immersions.

Product metric. T,V =V, TV=YV x V.
Ezxamples: (R", (,)can), Euclidean submanifolds. Nash.

Ezample: (bi-)invariant metrics on Lie groups. (Milnor: G

connected admits a bi-invariant metric <= G =compact xR™)

Proposition 1. Every differentiable manifold admits a Rie-
mannian metric.

Angles between vectors at a point. Norm.
It always exists local orthonormal frames: {ey,...,e,}. =
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Proposition 2. Given an oriented Riemannian manifold
M™, there exists a unique volume form dvol € Q"(M™) such
that dvol(ey, . .., e,) =1 for any positively oriented orthonor-
mal basis {ey,...,e,} at any point.

If 8Z:Zj C’ijej :><ng) = CCt — dvol(@l,- e (%) = det(C’) —

dvol|y = 1/det(g;j) dxy A -+ - A dxy,.

So, we can now “integrate functions”. Volume of (compact) sets.
Riemannian vector bundles: (E, (,)).

§4. |Distance

Length of a piecewise differentiable curve = Riem. distance d.
The topology of d coincides with the original one on M.

Ezercise. Every manifold M admits a Riemannian metric such that (M,d) is complete.

§5. |[Linear connections

If M™ = R, or even if M™ C RY, there is a natural way to
differentiate vector fields. And this depends only on ().

Def.: An affine connection or a linear connection or a covari-
ant derivative on M is a map

V: X(M)xX(M)— X(M)
with VxY being R-bilinear, tensorial in X and a derivation in Y.

Tensoriality in X = (VxY)(p) = Vx(,Y makes sense.
In particular, (VxY)o f = Vxo Y for every f: N — M.
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Local oper.: Y|y=0=(VxY)|y=0 = 3! affine connection V¥
in U (chart) such that (VXZ)\U:V%U(Z]U),VX,Z € X(M).
= The Christoffel symbols Ffj of V in a coordinate system =-
Christoffel symbols completely determine the connection: all that
is needed is to have local basis of sections =

Connections on vector bundles: formally exactly the same.
The above property on U is a particular case of the following:

Proposition 3. (or “Everything I know about connections.”)
Let V be a (linear) connection on a vector bundle E over M.
Then, for every f: N — M, there exists a unique connection

VI X(N) x T(f*(E)) = T(f*(E)) on f*(E) such that
Vi(€of)=V; v, VY EX(N), £E€T(E).

Ezercise. Give meaning and prove that ¢*(f*(E)) = (f o g)*(E) and (Vf)g = V7o,
Ezercise. Let p € M, i(q) = (p,q) € M x N, f : M x N — (M,V) and f = foi.
Show that (V4 f.¥)oi=VifY, vX L X, Y LY.

Ezercise. If f: M — (M,V) = V_J;(f*Y = f*(VXf/), vx 4L X, Y LY. More generally:
If f: M — M, and (E,V) > M = Vi €= f*(Vg8), VX L X, ¢ eT(E).

We will omit the superindex f in V7.

In particular, Proposition 3 holds for any smooth curve «a(t) =
a: I CR— M, and if V € X, we denote V' :=V,V € X,.
So, if /(0) = v, V,Y = (Y o )(0). But beware of “V ya/"!!

Def.: V € X, is parallel if V! = 0. We denote by X” the set of
parallel vector fields along a.

Proposition 4. Let a: I C R — M be a piecewise smooth



curve, and ty € I. Then, for each v € T4, )M, there erists a
unique parallel vector field V,, € X, such that V,(ty) = v.

The map v +— V, is an isomorphism between T, )M and X"
and the map (v,t) — V,(t) is smooth when « is smooth =

Def.: The parallel transport of v € ToyM along o between t
and s is the map Py : T,y M — T, M given by Pfi(v) = V,(s).
Notice that F(M) = X"(M) = X"(M) and X(M) = X"1(M).
Covariant differentiation of 1-forms and tensors: Vr, s > 0,
V:X'(M)— XY M);
V=L V:X"3(M)— X+s(M);
V: X"¥(E,V)— XTS(B,V);

for any affine vector bundle (E, V) (in partic., for E = (T M, V)).

§6. [The Levi-Civita connection !

Def.: A linear connection V on a Riemannian manifold (M, (, ))
is said to be compatible with () if, for all X, Y, Z € X(M),

X(Y,Z) = (VyY,Z)+ (Y,VxZ).

Ezercise. V is compatible with (,) <= VV,W € X,, (V,W) = (V' W) + (VW) <—

VV,W e X!, (V,WW) is constant <= P is an isometry, Va,t,s < V{(,)=0.

Def.: The tensor Ty(X,Y) = VxY — Vy X — [X, Y] is called
the torsion of V. We say that V is symmetric if Ty = 0.

Miracle: Fvery Riemannian manifold (M, (,)) has a unique
linear connection that is symmetric and compatible with (),
called the Levi-Civita connection of (M, (,)).
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This is a consequence of the Koszul formula: ¥V XY, Z € X(M),
VXY, Z) = X(Y,Z) + Y(X, Z) — Z(X,Y) — (X,[Y, Z]) — (Y, [X, Z]) + (Z,[X, Y]).

Ezercise. Verify that this formula defines a linear connection with the desired properties.

This is the only connection that we will work with. In coordinates,
if (9") == (gi5)™"

1 gy 0gjr  0gyj
F/{ _ Jro J rk .
i zzr: (axj "o, &Er) g

Ezercise. Show that, for (R™, (,)can), Ffj =0 and V is the usual vector field derivative.

Ezercise. Show that the Levi-Civita connection of a bi-invariant metric of a Lie Group
satisfies, and is characterized if symmetric, by the property that VxX =0 VX € g. Sug: Use

Koszul formula and Exercise

Lemma 5. (Symmetry and Compatibility Lemma)
Let N be any manifold, and f : N — M a smooth map into
a Riemannian manifold M. Then:

o V/ is symmetric, that is, Vf(f*Y — V{/f*X = f.|X,Y],
V X,Y € X(N),

o V/ is compatible with the natural metric on f*(TM).
In fact, this holds for any Riemannian vector bundle.

Ezercise. If T (X,Y) := VL LY = VL f.X — £.[X, Y], X,Y € X(N), then Tys = f*Ty.

Example: f: N — M an isometric immersion = f*(T'M) =
f(TN)®" TN =V ZeX;,Z=2"+7Z" = the relation
between the Levi-Civita connections is f, VY = (Vf; £

Remark 6. f: N = M = Xy = T¢(F(N,M)) (check only
for f(N) C chart of M ).



§7. |Geodesics !!

When do we have minimizing curves? What are those curves?
The Brachistochrone problem and the Calculus of Variations.

Galileo, 1638: wrong solution (circle) in the Discorsi. Johann Bernoulli posed the problem in
1696 and gave 6 months to solve it (he already knew the solution was a cycloid). Leibniz asked
for more time for ‘foreign mathematicians’ to attack the problem. They tempted Newton, who
didn’t like to be teased ‘by foreigners’, but solved the problem in less than half a day (he had
already worked on the minimal resistance problem in 1685, published in his Principia in 1687).
The Royal Society published Newton’s solution anonymously, but there is a legend of Johann
Bernoulli claiming in awe with the solution in his hands: “I recognize the lion by his paw.” The
formalisation of the Calculus of Variations, and its name, was given by Euler in 1756 inspired

by the analytic approach of the 19 year old Lagrange.

Critical points of the arc-length funct. L : €, , — R: geodesics:
7' = Vauy = 0.
dt
Geodesics = second order nonlinear nice ODE =

Proposition 7. Vv € TM, d € > 0 and a unique geodesic
Yo i (—€,€) = M such that v, (0) = v (= 7,(0) = w(v)).

v a geodesic = ||7'|| = constant.
v and v o r nonconstant geodesics = r(t) =at + b, a,b € R =
Yolat) = Yau(t); Yot +8) = vy (5)(t) = geodesic field G of M:

Proposition 8. There is a unique vector field G € X(T'M)

such that its trajectories are of the form ', where v is a
geodesic of M.

Proof: Just define G(v) = (72)'(0). x

The local flux of GG is called the geodesic flowof M. In particular:


http://luis.impa.br/aulas/georiem/Cycloid.gif

Corollary 9. For each p € M, there is a neighborhood U, C
M of p and positive real numbers d,e > 0 such that the map

v:T.U, x (=0,0) = M, ~(v,t) = 7(t),
is differentiable, where T.U, :={v € TU,: ||v| < €}.

Since v, (at) = Yqu(t), changing € by € /2 we can assume § = 2 =
We have the ezponential map of M (terminology from O(n)):

exp : T.U, = M, exp(v) = ,(1).
= exp(tv) = 7,(t) = exp, = exp |p,0r: Be(0,) CT,M — M =

Proposition 10. d(exp,)o, = Idr,. In particular, for every
p € M there is € > 0 such that B.(p) := exp,(B(0,)) C M is
open and exp,: B.(0,) — B.(p) is a diffeomorphism.

An open set p € V' C M onto which exp,, is a diffeomorphism as
above is called a normal neighborhood of p, and when V' = B(p)
it is called a normal or geodesic ball centered at p.

Proposition 10| = (expp ‘Be(op))_l is a chart of M in B.(p) =

We always have (local!) polar coordinates for any (M, (., )):

0:(0,6) xS = Bp)\{p},  wls,v) =n(s), (1)
where "' = {v € T,M : ||v|| = 1} is the unit sphere in T,M.

Ezxamples: (R" can); (T", can); (S", can).

Exercise. Show that for a bi-invariant metric on a Lie Group, it holds that exp, = exp®.

Ezercise. Show that if V is any connection on M, then there exits a unique torsion free

connection on M which has the same geodesics as V.
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Ezercise. V and V are two torsion free connections on M with the same geodesics up to

reparametrization <= there exists a 1-form w such that VxY — VxV = w(X)Y + w(Y)X.

§8. |Geodesics are (local) arc-length minimizers

Lemma 11. (Gauss’ Lemma) Let p € M and v € Dom(exp,)
(i.e., (s) defined up to s =1). Then,

((expy)sw(v), (exp,)w (W) = (v, w), ¥V w e T,M.

Proof: Set f(s,t)=vyu(s)=exp,(sv(t)), v(0)=v,v'(0)=w. At
t=0, fs — (expp)*sv(v); ft — epr)*sv(Sw)v <f87 ft>s — <U> w> |

Gauss’ Lemma = S.(p) := 0B(p) C M is a regular hypersurface
of M orthogonal to the geodesics emanating from p, called the
geodesic sphere of radius € centered at p.

Now, Be(p) = exp,(B(0,)) C M as in Proposition [10] agrees

Proposition 12. Let B.(p) C U a normal ball centered at
p € M. Let~ :[0,a] — Bp) be the geodesic segment with
v(0) =p, v(a) =q. If ¢:]0,b] — M is another piecewise dif-
ferentiable curve joining p and q, then () < l(c). Moreover,
iof equality holds, then c is a monotone reparametrization of .

Proof: In polar coordinates, c(t) = exp,(s(t)v(t)) in B(p)\{p},
and if f(s,t) := exp,(sv(t)) = Yy (s), we have that ¢’ = s’ f+ f;.
Now, use that fs L f;, by Gauss’ Lemma. y

Corollary 13. d is a distance on M, d, := d(p,-) is differ-
entiable in B.(p)\{p}, and d; is differentiable in B.(p).
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FEzercise. Compute ||Vd,|| and the integral curves of Vd, inside B¢(p)\{p}.

Remark 14. Proposition [12] is LOCAL ONLY, and € = ¢(p):
R™ T S™ R™\ {0}.

§9. |Geodesics: convex neighborhoods

Problem: a normal ball B.(p) may not be a conver set, e.g.
Brjare CS". But it is a strongly conver set for € small enough!

Proposition 15. For each p € M, there is an open neigh-
borhood W of p and § > 0 such that, for all ¢ € W, Bs(q) is
a normal ball around q and W C Bs(q) (e.g., W = Bs/2(p)).
That is, W is a normal neighborhood of all of its points.

Proof:  Following the notations in Corollary [9, consider F' :
T.U, - M x M, F(v) = (m(v),exp(v)) for the usual bundle
projection w : T'M — M = F, = <? §> :>F:T5U2§—>Wis

a diffeo, with p € U} and F(0,) = (p,p) € W C M x M. Now
take any W C M with (p,p) € W x W C W. s

W as Proposition [15]is called a totally normal neighborhood.

Remark 16. The proof shows that, Vq,q¢ € W,3! geodesic
v, joining ¢ and ¢" with I(v,) < 6. Moreover, v = v(q,q¢) is a
differentiable function, so =, depends differentiably of ¢ and ¢’.

Corollary 17. If a piecewise differentiable curve c : |a,b] —
M p.b.a.l. realizes the distance between c(a) and c(b), then c
is a geodesic. In particular, ¢ is reqular (see Proposition |13).
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Corollary 18. Giwven f : N — M with N compact, then
Xy =Ty F(N,M). Same holds for proper variations.

Proof: Put any Riemannian metric in M, take ¢ > 0 such that
B.(p) is a normal ball for every p € f(N). If V € Xy, then
|V < K and fi(p) = exp,(tV(p)) for |t| < €¢/K has V as its
variational vector field.

Lemma 19. Given p € M, there exists an € > 0 such that,
for all 0 < r < €, every geodesic v tangent to S.(p) at v(0)
stays outside of B,(p) around 0.

Proof: Let W and § as in Proposition [15 and consider ~ :
(—0,0) x TIW — M, 4(t,v) = v,(t). if w(t,v) = exp, ™ (7,(1)),
then F'(t,v) == ||w(t,v)||* = d*(p,v,(t)) for |t| < 4. Observe
that for ¢ = p, 9*F/0t*(0,v) = 2, and hence °F/ot*(0,v) > 0
for ¢ € W close to p and all unit v € T, M. But for Bs(p) C W
and v € T,(Ss(p)), by Gauss Lemma 0F/0t(0,v) = 0. Therefore,
t = 0is a local minimum of F(-,v) for v € T,,(Ss(p)). u

Proposition 20. For every p € M, there is 0 > 0 such that
Bs(p) is strongly conver.

Proof: Take § < € /2 for € as in Lemma |19|in such a way that
B.(p) C W for any W as in Proposition [15]

What we have shown can be summarized as follows:

Theorem 21. For all p € M, there is ¢¢ > 0 such that,
for every 0 < € < €y, Be(p) is a totally normal and strongly
convex neighborhood. In particular, for every q # q € B(p),
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there ezists a unique minimizing (p.b.a.l.) piecewise differ-
entiable curve joining q and ¢, which is a smooth geodesic
segment (whose interior is) contained in Bc(p), and that de-
pends differentiably on q and ¢ .

Eramples: R™; T"; S".

§10. |[Curvature !!

Gauss: K(M?CR?)=K((,)). Riemann: K(0)=K,(exp,(0)).

Def.: The curvature tensor or Riemann tensor of M is (sign!)

R(X,Y)Z =VxVyZ —VyVxZ — Vixy Z.

We also call R the (4,0) tensor given by
R(X,Y,Z,W) = (R(X,Y)Z,W).

e Similarly, any affine vector bundle (F, @) — M has a curvature
tensor Re : TM x TM — End(E).

Proposition 22. (Ezercise) VX, Y, Z, W € X(M):
e R 15 a tensor;
e R(X,Y, Z W) is skew-symmetric in X,Y and in Z,W;
« RIX,Y,Z,W)=R(Z,W,X,Y);
e RIX,Y)Z+R(Y,Z)X+R(Z, X)Y =0 (first Bianchi id.);

o Ry = Uyl —=>20 T5, 540,15, =0, (= R=9°(,)).
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(,) = X(M) = QY (M) and {,) extends to the tensor algebra
= the curvature operator R : Q*(M) — Q?(M) is self-adjoint.

Def.: If 0 C T,M is a plane, then the sectional curvature of

M in o is given by

R(u,v,v,u)
K =
() = ol = a0y

Proposition 23. If R and R’ are tensors with the symme-

tries of the curvature tensor + Bianchi such that R(u,v,v,u) =
R'(u,v,vu) for all u,v, then R =R (= K determines R).

o = span{u, v}.

Corollary 24. If M has constant sectional curvature c € R,
then R(X,Y, Z W) =c((X, WYY, Z) — (X, Z){(Y,W)).

Def.: The Ricci tensor is the symmetric (2,0) tensor given by

Ric(X,Y) = trace R(X, -, -, Y),

n_

and the Ricci curvature is Ric(X) = Ric(X, X) for || X|| = 1.

Ezample: CP" as S?"*1 /St n > 2 has K(X,Y) =1+3(JX,Y)? and Ric= (n+2)/(n—1).

Def.: The scalar curvature of M is %trace Rae.

Lemma 25. (Compare with Lemma|5) Let f : U C R* — M
be a map into a Riemannian manifold and V € Xy¢. Then,

Vo Vo,V =V, VoV = R(f.0, f.0)V.

More generally, Rey = f*(Rg) for any f : N — M and any
affine vector bundle (E,V)— M.
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Proof: Since Ry is a tensor, it is enough to check for { o f with
¢ € T(E) using Proposition 3} Take X,Y € X(N) and X,Y €
X(M) f-related to them near a point p € N. Now compute
@Q@{/(f o f). But, as in Lemma , this prove fails if f is not an
immersion! Instead write in a chart of M, f.Z =) .Z(f;)0iof
and perform the same computation. And don’t use charts in N!

Corollary 26. Let (E*,V) be an affine vector bundle over a
simply connected manifold M. Then, (E*,V) is trivial and

affinely isomorphic to (M x R¥ can) <= Ry = 0.

Proof: The hypothesis of the direct statement is equivalent to the
existence of a globally parallel frame {£1, ..., &} of E¥, which ob-
viously implies that Ry (-, -)§; = 0. For the converse, take n € E]’j :
two smooth curves ¢y, ¢; in M between p and ¢, and a (smooth)
proper homotopy f(s,t) = cs(t) between them. Define &(t) =
£(s,t) € T'(f*FE) as the parallel transport of n along c¢s. Then,
Vo, Vol = Vo, Vy& =0.S0(Vy,&)(s,-)is parallel along c,. But
(V,€)(s,0) = 0, and therefore £ (&(s, 1)) =(V,&)(s,1)=0. 4

Exercise. Let B(p) be a closed normal ball in a Riemannian surface L?. If £.(p) is the varia-
tion of the angle of the parallel translation around 0B (p), then K (p) = lim¢_,0 £¢(p)/Vol(Bc(p)) =

lim_,0 £c(p)/me?. (Suggestion: Let e € X(Bc(p)), |le|]| = 1, w := (Vee,et), and use Stokes.)

§11. |Jacobi fields

There’s a strong relationship between geodesics and curvature,
since curvature measures how fast geodesics come apart. The
same tool to prove this is used also to understand the singularities
of the exponential map: the Jacobi fields.
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Given a variation of a geodesic v by geodesics, the variational
vector field J € X, satisfies the Jacobi equation, i.e.,

J'"+R,J =0, where R,:=R(-,v)v.

A vector field along a geodesic v satisfying the Jacobi equation
above is called a Jacobi field: X]={J € X,: J"+ R,J = 0}.

The Jacobi equation is a second order linear ODE (take a parallel

frame if not convinced) = V geodesic v and every u, v € Ty, M,
there exists a unique J € X7 such that J(ty) = u, J'(t;) = v.

Remark 27. +/(t), t7/(t) € X/, (J,7)" =0 = WLG, J L v.

Proposition 28. Let v(s) a geodesic, v =+'(0) € T,M, and
J € XJ with J(0) = 0, J'(0) = w = J(t) = d(exp,) s (tw), and
there is a variation £ of v by geodesics such that J = &(0,-).

Ezample: If K = ¢ = constant = J(t) = s.(t)w(t), where
w € X! and s.(t) = sin(t), ¢, sinh(t) according to ¢ = 1,0, —1.

Remark 29. Sometimes it is more convenient to work with the

full Jacobi tensor J(t): T,M — TypM defined as
J(t) = Jy(t) := td(exp,)so which satisfies that

J"+RyoJ=0, with J(0)=0, J(0)=Id.

Proposition 30. With the notations of Proposition [28,

IO = ol # — (R, vju,w) ' + O).
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Corollary 31. If in addition v L w, ||v|| = ||w| =1, then
1 3 3
|J(t)|| =t — 6K(v,w)t + O(t°).
OBS: Geometric relation between geodesics and curvature!!!
FEzercise. Prove that a bi-invariant metric on a Lie x2

group has K > 0 justifying the following diagram:

Xy

§12. |Conjugate points

Conjugate points and their multiplicities = singularities of exp,),.
C'(p) = locus of the first conjugate points to p.

Erample: S".
NCP manifolds.
Proposition 32. If p’ = v(ty) is not conjugate to p = ~(0)
along v =V v € T,M, VY v' € TyM, there exists a unique
J € X/ such that J(0) = v and J(ty) = v'. In particular, if
{J1,...,Ju_1} is a basis of the space of Jacobi fields orthogo-

nal to v vanishing at 0, then {Ji(to), ..., Ju—1(to)} is a basis
of ’}//(to)J‘ C Tp/M.

This is useful to construct special bases of v fields along geodesics.
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§13. [Isometric immersions

As we have seen in the Example in page 5, if f : M — N is
an isometric immersion = f*(T'N) = f,(TM)®+ T fLM , and
VY = (Vg(f*Y)T, VX,Y € T M. Moreover, we have that

aA(X,Y) = (Vf;( f*y)L

is a symmetric tensor, called the second fundamental form of f.
In addition, V* : TM x D(T{# M) — D(T{ M) given by

is a connection in TfLM , called the normal connection of f.
Identifications.

Ezercise. Show that V- is a connection, and is compatible with the induced metric on T f‘M .

a(p) is the quadratic approx. of f(M) C N at p € M. Picture!
n € T]%(p)M = (self-adjoint!) shape operator A, : T,M — T,M.
Hypersurfaces: Principal curvatures and directions; mean curva-
ture; Gauss-Kronecker curvature; Gauss map.

The Fundamental Equations. Particular case: K = constant =
the Fundamental Theorem of Submanifolds (give proof!).
Gauss equation < K (o) = K(o)+{a(u,u), a(v,v))—|la(u, v)|?
= Riemann notion of sectional curvature agrees with ours.

Example: S"Y(r) C R" = K = 1/r? (it had to be constant!).

Model of the hyperbolic space H" as a submanifold of L™
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§14. |[An interesting example: the geodesic spheres

If v is a unit geodesic, p = v(0), we consider the shape operator
A(s) = —Ayg € End(T,(5yM) with respect to the unit inward
normal at y(s) of a small geodesic sphere of radius s centered
at p, then AJ = J' for any J € X with J(0) = 0 and J L 7.
Equivalently,

A=JJ 1 on 4 (2)

with J the Jacobi tensor in Remark[29] In particular, for constant
sectional curvature we have:

A(s) = s, for K =0;
A(s) = cot(s)I, for K =1;
A(s) = coth(s)I, for K = —1.

In general, by Jacobi equation, (2)) is equivalent to
A+ A +R,=0. (3)

This is the well-known Riccati equation, and has the same in-
formation as the Jacobi equation. Moreover, it implies that: if
we can compare the curvature of two manifolds, we can also
compare the shape of geodesic balls (like s711 < cot(s)I above).
We will see this in Section 25 and Section 291

Erercise. Show that A = —Hessg, |1, and lims_0 sA(s) = I.
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Global Riemannian Geometry

§15. |[Completeness and the Hopf-Rinow Theorem

Until now, only local stuff. We have problems: Geodesics not,
defined in R; domain of the exponential map may be strange; far
away points may not have geodesics joining them; even if they do,
may not be minimizing; the manifolds may have "holes”; (M, d)
may not be complete... All these problems have the same solution!

Def.: M is (geod.) complete if all geodesics are defined in R.
Proposition 33. M complete = M 1is non-extendible.
Lemma 34. Ifq & B.(p) normal=- d(q,0B(p)) = d(q,p)—e€.

Theorem 35. (Hopf-Rinow) Let (M,(,)) be a connected
Riemannian manifold, and po € M. The following assertions
are equivalent:

a) exp,, s defined in T, M;
b) Closed bounded subsets of M are compact;
c) (M,d) is a complete metric space;

d) (M, (,)) is (geodesically) complete;

e) There is a sequence of compact sets K, C K,41 C M,
U K =M such that if p, & K, Vn = 1im d(pg, p,) = +o0.

In addition, any of these implies the following:

f) Vp,q € M, there is a minimizing geodesic joining p and q.
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Corollary 36. M compact = (M, (,)) is complete V (,).

Corollary 37. If S C M s a closed embedded submanifold
of a complete Riemannian manifold M, then S is complete.

Embedding above is necessary, as shown by (a, b) — “8” C R

§16. |Quick review of covering spaces (see [Hal)

Group actions, proper discontinuous group actions, quotients.

Def.: A covering map is a surjective local diffeo 7 : M — M
such that Vp € M, 3p € U, C M for which 7~ 1(U,)) = W, V},

where each |y, : V) = U, is a diffeomorphism.
Ezample: w(0) = €™ is a covering map from R to S! c C,

but 7|y 1y is not.

Proposition 38. A surjective local diffeomorphism w is a
covering map < 7 lifts curves: Vp' € w(p),Ve : [ — M
with ¢(0) =p, 31 ¢: I — M such that ¢(0) = p’ and woc¢ = c.
Def.: Homotopic loops at pg € M.

Def.: m (M) = (M, py) = fundamental group of M.

Def.: M is simply connected if (M) = 0.

Proposition 39. If 01,00 : I — M are homotopic, then
a1(1) = do(1). The converse holds if M is simply connected.

Def.: Deck(rm) := {g € Diff(M) : w0 g = 7}, the deck group.

Deck(m) acts properly discontinuously on M, transitively on the

fibers if 7 (M) = 0, and M /Deck(r) = M.
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Corollary 40. M simply connected = j : 7, (M) — Deck(r)
given by j(lo]) = g where g(¢(0)) = (1) is an isomorphism.

Proposition 41. For any manifold M there exists a unique
(up to diffeomorphisms) simply connected manifold M cover-
ing M, called the universal cover of M.

Ezercise. YG C w1 (M) subgroup = 3 7' : M — M’ with 7;(M’) = G. Particular case:

G = {g € Deck(m) : g preserves orientation} has index 2 = oriented double covering.

Proposition 42. If M is compact and f : M — M’ is a
surjective local diffeomorphism, then f is a covering map.

Ezercise. Give a counterexample to Proposition 42l when M is only complete.

§17. |Hadamard manifolds

Lemma 43. M complete, f : M — N local diffeo such that
| fv]| > e>0VveTiM = fisacovering map (= Prop.39)

Proof:  f has the curve lifting property (= f is surjective). s
Def.: A point p € M is called a pole if C(p) = 0.

Theorem 44. (Hadamard) M complete simply connected
with a pole p = exp,, is a diffeomorphism (= M = R" !l).

Lemma 45. K <0=C(p)=0Vpe M (M is said NCP).
Proof: |[J|* > 0for 0 J € %/ with J(0) = 0.4

Def.: M is a Hadamard manifold if it is complete, simply con-
nected and K < 0.
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Corollary 46. (Hadamard) M Hadamard = exp, is a dif-
feomorphism, Vp € M.

Remark 47. M compact has NCP # K < 0. But is there
some metric on M with K < 077 This is a deep open problem!

§18. |[Manifolds with constant sectional curvature

These are the "simplest” spaces: lots of (local) isometries; con-
gruencies; rigid motions: geometric postulates.

We can always assume that K = —1,0,1: Q7 = S",R", H" are
complete, connected and simply connected. And they are unique!

Any isometry is locally constructed as i, ¢, f like in the following:

Theorem 48. (Cartan) Given p € M" and p € M", let
v T,M — T;M be a linear isometry. Let V), a star shaped
normal neighborhood of p such that exp; is defined in Vj =

i(exp, ' (V,)). Define
f :expﬁoz'oexp];1 ]Vp :V, — \725.
Let ¢ : TV, — TV; be the natural bundle isometry defined
using radial parallel transports and 1, that is,
S(PY!(w)) = P! (iw), Vv, w € T,M.

A

IfK(v, ) = K%, ¢(-) Yv € T,M, then f is a local isometry
with fip, =1 and f, = ¢.

Proof: Observe that f,J = J for Jacobi fields along correspond-
ing radial geodesics 7, and 7;, such that J(0) = 0, J(0) = 0,
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J'(0) = iJ'(0). Since ¢ is parallel in radial directions, ¢.J is Ja-
cobi: (¢.J)" = ¢J" = —¢RyJ = =Ry (¢J). Since ¢lgar = 4,
then J = ¢J and the result follows since ¢ is a bundle isometry. u
Corollary 49. If M" and M" have the same constant sec-
tional curvature, then ¥p € M, Np € M, Vi € Iso(T, M, TﬁM)
there exists an isometry f: Vp—>Vp with f(p)=p and f,=1.

Remark 50. This holds in particular for M = M: spaces of
constant curvature are rich (the richest!) in local isometries.

Let 7 : M — (M, g) be a covering map. The metric § := 7*g
is called the covering metric on M. So Deck(w) C Iso(M, §).
Conversely, given a metric in M, if I' C ISO(M ) acts properly
discontinuous (called a crystallographic group when M = R™),
M = M/T is naturally a Riemannian manifold and the pro-
jection 7 is a local isometry. Moreover, M is complete or has
constant K <> same for M. In particular, Q7 /T" is a space form:

connected complete with constant sectional curvature K = c.

Theorem 51. (Hopf-Killing) If M" is a space form, then its
universal cover (with the covering metric) is isometric to Q7
and M" is isometric to QI /T, with m(M) =T C Iso(Q2).

Therefore, the classification of space forms is purely an algebraic
problem (solved for ¢ > 0 in the 60’s, well understood for ¢ = 0,
but wide open for ¢ < 0).

Corollary 52. M?" complete with K =1 = M?" isometric
to S or RP?",
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Remark 53. R"/Z" is not isometric to R"/2Z", and two 3-
dimensional lens spaces L*(p, q) and L3(p, ¢') are not even home-
omorphic if ¢ # £¢* mod (p). In particular, the isomorphism
type of w1(M) does not determine the space form. However, it
does if ¢ < 0, n > 3 and M" has finite volume (Mostow rigidity
theorem), or if ¢ > 0, n = 3, and m(M?) is not cyclic.

Remark 54. Does the curvature determine the metric?
More precisely: If f is a diffeo with f*K = K, is f an isometry?
This is false if n = 2 (just take the flow of a generic vector field
orthogonal to the gradient of the curvature), or if M" contains
an open subset with constant curvature. However, we have:

If M" has nowhere constant sectional curvature and n > 4,
then any curvature preserving diffeomorphism is an isometry.
For n = 3 it is true if M? is compact. (Kulkarni-Yau). See here.

Ezercise. Read from the book the classification of Iso(H").

§19. (reodesics as minimizers: Variations of energy

We already know that geodesics are the critical points of the arc-
length functional L(c) when restricted to piecewise differentiable
(p.d. from now on) curves ¢ : [0,a] — M p.b.al. To under-
stand when a geodesic is an actual minimizer, we will take second
derivatives. But it is easier to work with the energy functional:

1 a
Ble)i=; [ It
0
Cauchy-Schwarz = L(c)* < 2aE(c), with = < cis p.b.al.
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Def.: Q,,=Q ={c:[0,a] = M p.d.:c(0) =p,cla) = q}.
]

Proposition 55. If v :[0,a] — M is a minimizing geodesic
between p = v(0) and g = v(a), then E(v) < E(c) for every
c € (), ., with equality < c is a minimizing geodesic.

Proof: 2aE(y) = L(v)? < L(c)* < 2aE(c). »

That is, E' is not only easier to work with than L, but it also takes
into account the parametrization. So let’s try to minimize F.

Def.: Variation c(s,t) of a curve ¢ = ¢(0,-): c(s,t) € C" and
there is a partition 0=ty <t; <---<t,41=a of |0, a] such that
liceoyxititig] € CF (= V =¢,(0,-) € CY and ¢,,(0,-) € CY).

Let ¢ = ¢y : [0,a] = M be ap.d. curve, V € X. (= V € CY),
and c(s, ) a variation of ¢ with variational vector field V. For
E(s) = E(c(s,-)) we have:

Proposition 56. (Formula for the first variation of energy)

E'(0) =—/0a<V(t),C”(t)>dt + (VG + Y (V). () — ().

=1
Corollary 57. c is a geodesic < c is a critical point of E

for proper variations (i.e., for E]QC(O) C(a)).

Exercise. Given N and N’ two compact submanifolds of a complete Riemannian manifold =

there exists a minimizing geodesic v between N and N’. For such a v, v L N and v L N’.

Proposition 58. (Formula for the second variation of F)
If ~(t) is a geodesic and f(s,t) a variation of v with varia-
tional vector field V', then (recall that R, := R(-,v)v)

E'(0) = — /0 VIR VYt + SV (), V) VD) + (V VG + (0, Vo, £(0, )18

i=1
= 1.(V,V) + (v, Vo, fs(0,)[5 ,
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where I,(V,W) = [ (VW) = (R,V,W))dt is the index form of ~.

Erercise. Show that d(7,(t), v (t)) = ||v — w||t + O(t?). (Suggestion: consider the variation

given by minimizing geodesics joining 7, (t) and 7, (t) for each small ¢, and differentiate.)
Ezercise. Use the previous exercise to show that ISO(M, d) = ISO(M, g).

Ezxercise. Show that d(v,(t),vw(t)) = ||[v — w||t — %< (wo)o,w)y3 | O(t*); see eq.(9) in [Me].

l[o—wl|

Corollary 59. (Jacobi) If a geodesic vy has a conjugate point
v(b) to y(0) = L5 20 =~ does not minimize after b, not
even among nearby curves. Conversely, if a geodesic segment
v has no conjugate points, then v is the unique minimizing
path connecting its end points among nearby curves.

Proof: Let 0 # J € X/, J(0) =0, J(b) = 0, § > 0 and choose
any Z € X, with Z|jo_5 =0, Z(b+0d) = 0 and (Z(b), J'(b)) < 0.
Define V; € X, as V. = J +€Z in [0,0] and V; = €Z in
[b,b + (5] Then, Ib+5(V€,V€) = 2€Ib<<], Z) + 62[b+5(Z, Z) =
2¢(Z(b), J'(b)) + €Iy 5(Z, Z) < 0 for € > 0 small enough.

For the converse, consider a neighborhood of the segment where
exp-(o) 18 a local diffeo, and proceed with the very same argument
given in the proof of Proposition (12] a

Remark 60. If the variation is proper, E”(0) = I,(V, V) only
depends on V| and hence I, is actually the Hessian of E]Qa

at its critical point v (Vf: M — N = Ty(F(M,N)) = %f)

(@)

Corollary 61. If v is a minimizing geodesic, then I, > 0.
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§20. [Application: The Bonnet-Myers Theorem

Theorem 62.  (Bonnet-Myers) If M is complete with
Ric > 1/k* > 0, then M is compact and diam(M) < k. In
particular, its universal cover is compact and #m (M) < oo.

Remark 63. This is false for K > 0 (paraboloid). But the
curvature bound can be relaxed asking for slow decay at infinity.

Remark 64. The estimate in diam is sharp: SY. And there’s
rigidity (I1): If diam(M)=nk, then M" =S} (Corollary [100)).

Remark 65. In 1992, J. Lohkamp showed that ANY manifold
of dimension > 3 admits a metric with Ric < —1.

§21. [Application: The Synge-Weinstein Theorem

Theorem 66. (Weinstein) M" compact and oriented with
K>0. If f € Iso(M") preserves (resp.reverses) the orienta-
tion of M" if n is even (resp.odd), then f has a fixed point.

Proof: Let g(x) := d(x, f(x))? and assume g(p) = min g > 0.
If v is a unit minimizing geodesic between p and f(p), then
f(y)=7. So, (P")"!o f,, fixes some vector v € 7/(0)F =
fovu = vpr (). Now the second variation for ¢,(t) = exp. (s Fjv)
says that 0 is a strict maximum of E(s) = g(v,(s))* < L(c,)* <
29(p)E(cs) < 29(p)E(7y) = L(v)* = g(p)?, a contradiction.

Remark 67. Weinstein Theorem [66] is still true for conformal
diffeomorphisms, but it is not known for diffeomorphisms. If this
were also true, then S? x S? would not admit a metric with & > 0
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(f = (=Id,—1d)): this is the well known Hopf conjecture, one
of the most important open conjectures in Riemannian geometry!

Corollary 68. (Synge) If M" is compact with K > 0, then:

a) If n is even, then m(M") = 0 if M" orientable, while
i (M™)=Zy if M"™ is nonorientable (see Corollary p2);

b) If n is odd, then M" is orientable.

Remark 69. RP? and RP? show that the 3 hypothesis in Corol-
lary (68 (a) and (b) are necessary. Yet, compactness is not since
for noncompact M" the soul of its universal cover is a unique
point, hence fixed by Deck(m).

Remark 70. B-M and S-W theorems are quite deep:

e Compact manifolds with K > 0 abound: products of compact
manifolds with K > 0; compact Lie groups GG with bi-invariant
metrics; homogeneous spaces G/ H; biquotients G//H; etc.

e OTOH, very few examples are know with K > 0: aside from
CROSSES (S*, RP", CP", HP", C'a?), Eschenburg spaces E]Z and
Bazaikin spaces Bq13 for infinite many p,q € Z°, only a handful
of examples are known, and only in dimensions 6, 7, 12 and 24.
e However, very few obstructions are known for K > 0 that do
not hold already for K' > 0 and Theorem [62] and Theorem [66] are
the most important. In fact: there is no known obstruction that
distinguishes the class of compact simply connected manifolds
which admit K > 0 from the ones that admit K > 0!l
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§22. [The Index Lemmal

We show next that Jacob: fields are the unique minimizers of
the index form (up to the first conjugate point):

Lemma 71. (Index Lemma). Let v : [0,a] — M be a
geodesic without conjugate points to v(0). Let V € X, p.d.
with V(0) = 0. Consider ty € (0,a] and J € X! the unique
Jacobi field such that J(0) = 0 and J(ty) = V(ty). Then,
Li,(J,J) < 1,,(V,V), and equality holds <V = J in [0, ).

Proof: Take {Jy,...,J,} basis of {J € X/ : J(0) = 0}, and
write V' = > fiJ; on (0, ¢] (in this proof, ¢ runs from 1 to n).
Claim: {f;} extend C* to 0: If J;(t) = tA;(t) = A;(0) = J/(0)
are LI = V = > g4, W1th gZ p.d. on [0,%g] and ¢;(0) = 0
= ¢;(t) = th;(t) where h;(t fogltsdséfl—h]()to

But || S flT]7+ O fZJZ,ZfZJ’> = (V", V') = (R,V, V) since
(Jis j) = (1 ), 50 Big(V, V) = Ly T) + J3 2 Lo

Ezercise. Redo the proof above without basis, using the Jacobi tensor J in Remark

§23. |The Rauch comparison Theorem

Two goals: refine the idea of Bonnet-Myers, and make a global
version of Proposition B0; compare Jacobi fields when there is
comparison of curvature (can only expect this for NCP geodesics).
Motivation. Recall a classical ODE result (used in Theorem [99)):

Theorem 72. (Sturm) Let K, K, f, f:[0,a] = R satisfying
f”+Kf—0andf”+Kf—O with f(0) = f(O)—Oand
F10) = f(0) >0. If f 20 in (0,a] and K < K, then f/f is
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nondecreasing and hence f > f. Moreover, if f(r) = f(r) for
some r € (0,a], then K = K and f = f in [0,7].

Proof: Since (ff ff fOK Kff :>(f/f) > ()

where f >0 = f> f > O in (0,a] = f/f is nondecreasing. x

Theorem 73. (Rauch Comparison Theorem) Let ~v: |0, a] —
M", 7:[0,a] — M"? be geodesics, and J € 35# and J € %i
with comparable initial conditions, i.e., ||| = |||, J(0) =

J(0) =0, (J'(0),7'(0)) = (J'(0),7'(0)), and || J'(0)]| = [|.(0)]]-
Assume that v has no conjugate points and that, on (0,al,
K(+,J) < K(7,e). Then, ||J||/|| ]| is non-decreasing and
hence ||J|| > ||J||. Moreover, if || J(r)|| = ||J(r)| for some

€ (0,a], then K(',J) = K(¥,J) on (0,7].

Proof: We may assume 0 £ J L A/, 0 #£ J L A. If f =
|J||> and f := || J||% g = f/f is well defined in (0,a] and
g(0") = 1. So it is enough to see that ¢’ > 0, or, equivalently,
fr)/fr) < f’(?“)/f(?“) when f(r) # 0. Since U := J/4/ f(r)
and U = J /A f N are Jacobi fields, by the hypothesis on the
curvature and the Index Lemma . f'(r)/f(r) = 20(U,U) <
21(oU, ¢U) < 2I(U,U) = f'(r)/f(r), where ¢ : X, — X5
is any parallel isometry (with the image) with gb( ') = 4" and
o(U(r)) = U(r). Equality = on (0,7]: g=1, I(oU, ¢U) =
(U, U), U =¢U,and so K(v/,J) = K(#,J).

Corollary 74. If K > 1/k* (resp. K < 1/k*) for some
k > 0, then the distance d between two consecutive conjugate
points along any geodesic satisfies that d < wk (resp. d > k).
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Example: SI' vs. SZ.

Remark 75. According to Section [14, AJ = J’ along geodesics
without conjugate points, so the inequality f'/f < f'/f in the
proof above is equivalent to A < A. In fact, Rauch Theorem
is equivalent to a Sturm-type comparison for the general Riccati
equation (3)); see Theorem 3.1 pg.12 due to J. Eschenburg here.

Ezercise. Prove the Sturm comparison Theorem using Rauch Theorem

§24. |An application to submanifold theory

Theorem 76. (Moore) Let M™ be a compact submanifold of
a Hadamard manifold M" P with K < K + ¢ <0 for certain
c>0. Then, p > n.

Proof: Fix gy € M, q € M realizing the maximum distance
to go, 7 a unit minimizing geodesic between gy = v(0) and g =
v(€), v € T,M unitary and ¢(s) a curve in M with ¢/(0) = wv.
If c(s) = expgol(é(s)), for the variation 7. (s)(t) of v we have
that 0 > E"(0) = I,(J,J) + {(a(v,v),~'(£)), with J(¢) = v.
Comparing M with Q™7 we have I,(J, J) > I,(J, J) > /¢ =
(v, v)||* > {a(v,v),7(£))*>c. Now apply Otsuki’s Lemma. a

Remark 77. Simply connectedness of M is essential (T C
T as well as compactness of M (catenoid in R?; even bounded
minimal surfaces exist), but H? ¢ R? (Hilbert). The nonexistence
of an is.im. H" C R?"~! is a famous century old open conjecture!
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§25. |Applications: comparing geometries!! :0))

As in Cartan’s Theorem , take p € M", p € M", i .M —
T5M a linear isometry and 7> 0 such that B,(p) C M is a normal
ball and exp; is non-singular in B,(0;) C T;M. For the map
f=expsoioexp,t|p ) Br(p) C M — B.(p) C M we have:
Proposition 78 (Strong local Toponogov’s Theorem,).

If K(v,(t),) < K(%,(t),) Yv € T,M, |lo]| = 1,|t] <r, then
f is a contraction: ||fi|| < 1. In particular, if ¢ : I — B,(p)
is any piecewise differentiable curve, then L(f oc) < L(c),
and, if B.(p) is convex, then f is also a metric contraction:

d(f(z), f(y)) < d(z,y) Va,y€ B(p).

Ezercise. Check that Corollary 49| follows immediately from Proposition

Corollary 79. If K(v,(t),:) = k is constant Vv € T, M,
lv]| =1, [t| <r = K =k in B,(py) (see Theorem |4§).

Remark 80. Proposition implies the local version of To-
ponogov’s Theorem [103]

§26. Index Lemma and Rauch Thm for focal points

Focal points are generalizations of conjugate points: given
p € N C M, a normal variation by geodesics of a geodesic
emanating orthogonally from p gives rise to J € %‘77 such that

J(0) € T,N and J(0)+ AyJ(0) €T, N, (4
and conversely, by considering ys(t) = exp,,)(tn(s)), where €
Ty N, o/(0) = J(0), n(0) =+'(0) and 7'(0) = J'(0).
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FExercise. See the details in the book.

Def.: ¢ € M is a focal point of a submanifold N C M if there
is a geodesic v orthogonal to N at v(0) € N with ¢ = y(r), and
0+#J € %i as in H such that J(r) = 0. The focal set F(N)

of N is the union of its focal points.

Examples: S"CS"™, F(S") = £N. S"CcR"", F(S") = {0}.

Def.: The normal exponential map of N is expt: T+N — M.

Proposition 81. The focal points of N C M are precisely
the singularities of exp™: T*N — M.
Ezercise. See the details in the book.

Exercise. Compute the focal points of N C R"*! in terms of its principal curvatures.

Analogously to Theorem [44] the following holds: If M is com-
plete and N C M 1s closed and without focal points, then
expt: THN — M is a covering map. (Hermann).

Def.: A geodesic v : [0,a] — M is free of focal points if N, =
exp,(9)(Be(0,) M7/(0)*) has no focal points along ~y (equivalently,
0#JeX]with J L~yand J'(0)=0= J(t) £ 0Vt € [0,a]).

Making slight modifications in their proofs, we have:
Both the Index Lemma |71 and Rauch Theorem |73 hold for

geodesics free of focal points.

Ezercise. Prove the last assertion without looking at the book.

Def.: We say that M has no focal points (NFP) if no embedded
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geodesic y(—e, €) C M has focal points (as a submanifold).

Proposition 82. K < 0= NFP = NCP. In fact:

i) K <0e | J2 >0, VJ e X/,

ii) NFP < || J()|2 >0, V¢ > 0,0 # J € X7 with J(0) = 0;
iii) NOP < |[J(t)||* > 0, Vt > 0,0 # J € X with J(0) = 0;
Remark 83. NCP # NFP % K < 0 for complete met-

rics. But what about plain differentiable manifolds admitting
such metrics? Two important open problems: it is not known if

M2 C M, or if M%C M, for M= {M": 3 (,) with K <0},
Mi={M": 3NFP (,)} and M%={M": I NCP {,)}.

§27. [The Morse Index Theorem

Given a geodesic v: [0, a] — M, consider V, the set of p.d. vector
fields along 7 that vanish at 0 and a (i.e., V, = T,8(0) 1 (a))-
For proper variations of v, Hessg =1, where I,: V, x V, — R.

Def.: The nullityof 1,is v(I,) := dim Ker (I,), while its index is
i(1,) == max{dim L: I,|;«xz < 0}. (v minimizing = i(I,) = 0).

The purpose now is to show that i(I,) = # of conjugate points
along ~v. We will reduce the problem to a finite dimensional one.

Proposition 84. Ker(l,) =V, N %i Le., I, is degenerate
< v(a) is conjugate to ¥(0) along v, with v(1,) as multiplicity.

Proof: Immediate from the two expressions in Proposition [58]
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Let 0 =ty < t; < --- <t = a be a normal subdivision of [0, a
(v([t:, tis1]) is contained in a totally normal neighborhood). Set

Vi={VeV,:Vt;)=0,i=0,...,k},

V, ={V eV, V|
= dimV, =n(k — 1) < +o0.

is Jacobi}

tistit]

Proposition 85. V, =V, ®V,, Ly~ =0, Lo+, .+ > 0.
Proof: Proposition o8 + ~ ‘[ti,ti ., minimizing + Proposition . N
Corollary 86. i(1,)=1i(lu|y-y-) <400, V(L) =v(la|y- ).

Theorem 87. (Morse) i(1,) < 400 is equal to the number of
conjugate points (with multiplicities) to ~(0) along v in [0, a).

Proof: Taket € (0,a) and choose the normal partition such that
t € (tistiq1). Consider ¢y : S =T\ M x -+ x T xM — V",
e H(V) = (V(t1),...,V(t)), and work with I, = @I, - S x
S — R, that also depends continuously on ¢ (since the vector
(d(expw))_(t_tm/(t))_1 (vo/(t — t;)) depends continuously on ¢
as long as no conjugate points appear). Set i(t) := i([;) and
v(t) := v(I;). By continuity, i(t+€) < i(t)+v(t) for all |e| small
enough. But by the Index Lemma we have that ft > ft+€ with
I; > Iy over Ker (1) x Ker (1), and then i(t + €) > i(t) + v(t)
if € > 0. Then, i(t) is increasing and i(t + €) = i(t) + v(t). »

Corollary 88. (Jacobi) Let v: 0,a] — M be a geodesic such
that g = v(a) is not conjugate to p = v(0) along v. Then,
v has no conjugate points < v is a strict local minimum
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of £ ]Q&q. In particular, v minimizing = v has no conjugate

points (compare with Corollary|59).

Corollary 89. The set of conjugate points to v(0) along vy is
discrete.

Example. Every nontrivial closed geodesic in a flat torus is of
course not minimizing, but they do minimize locally by Corol-
lary B And we can say more: by Theorem below, they
are actually the global minimizers in their homotopy class (up to
isometries).

§28. [The cut locus

Given M complete, p € M and v € S"1(0,) C T,M, de-
fine p(v) = py(v) == sup{t > 0 : d(p,(t)) = t} € (0,+oc].
If p(v) < 400, 1(p(v)) is called the cut point of p along .
The cut locus Cy,(p) of p is the union of its cut points.

i(p) == d(p,Cn(p)) € (0,400] is the injectivity radius at p.
i(M) = inf,erri(p) € [0,400] is the injectivity radius of M.
This proposition justifies the name:

Proposition 90. Let v be a minimizing geodesic between
p and q. Then, q is the cut point of p along v if and only
iof either q 1s the first conjugate point of p along ~, or there
exists another minimizing geodesic between p and q.

Corollary 91. q € C,,(p) < p € Ch(q).

Corollary 92. ¢ € M \ C,,(p) = there exists a unique min-
imazing geodesic between p and q.
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Examples: C(p) and Cp,(p): S, RP", S'xS!, S xR, ellipsoid.
Proposition 93. p: T1'M — (0, +00| is continuous.

Proof: Continuity of d + Proposition (90| using the funcion F' in
Proposition , since Fly, = < r 0 ) for p=7(v). s

* d(expp)y

Corollary 94. C,,(p) is closed.
Corollary 95. M is compact < p is bounded.

Corollary 96. M \ C,,(p) is a normal neighborhood of p
that is homeomorphic to a ball, open, dense and star-shaped.
In particular, d*(p,-) = | exp, ' (-)||* is smooth in M \ Cy,(p).

Ezercise. Show that Cp,(p) has measure 0 (Sug.: show that Cy,(p) N B,(p) has measure 0

using that exp, is Lipschitz on B, (p), for all € N). In fact, C(p) and C,,(p), and even C(NN)

and Cy,(N), are Lipschitz submanifolds; see [IT].

§29. |Bishop-Gromov volume comparison, I ([Pe])

Consider a normal ball B, (p) C M", r < ry (but the same com-
putation works for normal neighborhoods) and set S = S"7! =
S;740,) € T,M. Let v € S, v = 7,, {e;} an on. basis of
vt C T,M and Ji(t) = t(dexp,)w(e;) € XJ. Then,

Vol(S'(p)) = /det ((dexp,)py) " 'dv = /jv(r)”ldv,

S S

where j7~! = det J, from Remark . Hence by , Jo = hyjo,
where h,(r) = —trace(A(r)) is the mean curvature and A(r) =
A,(r) is the second fundamental form of S*~*(p) at 7,(r) as seen
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in Section [I4. Writing A = h,Id + Ay with Ay symmetric and
traceless, by (3),

140l
/”L_

So, 71 = hyjo = Ji + Ryjy = 0, with 5,(0) = 0 and 5/(0) = 1.
In particular, for M"™ = QF, we have j” +kj =0 (indep. of v !1).

W, +h>+R,=0, with R, = Ric(y)+ > Ric(v)).

Now assume that Ric > k = by Sturm Theorem , Jo/J 18
non-increasing = ¢, := (j,/7)" ! is non-increasing =

the map r +— Vol(Sf_l(p))/Vol(szl) is non — increasing !

where B! is a ball of radius 7 in Q) and Sl -x 1ts geodesic sphere.
Moreover, setting V,(p) := Vol(B,(p)) and V* = Vol(B)",),
by Gauss Lemma V,(p)/VF = Vol (S)~1 mev(fr)dv, where

= for @ : / f T the (j 1—Weighted) average of g,.
Since @, is non-increasing, so is m,, and we conclude:

Proposition 97. (Local Bishop—Gromov Theorem,)

If Ricyy>k, the function v — V,(p)/VF is non-increasing,
0 <r <i(p). If, in addition, Vi(p)/VF = V.(p)/VF for some
0 <s<r <diam(M), then B,(p) is isometric to B},

Proof: We already proved the first part, so we only need to check
the equality case. But in this case by monotonicity of m, we get
my(s) = my(r) Yo € S. By monotonicity of ¢, this implies
that ¢, = 1 on [0,7] Yu. By the equality in Sturm Theorem [72]
R, =k = Ric(y') = k and Ay = 0 = A agrees to the one of
Q} = the Jacobi fields along v are sny(t)e(t) with e(t) parallel
(as for Q}) = f in Proposition [7§ is an isometry.
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Remark 98. The corresponding version of [B-G| Proposition
for Ric < k does not hold because of Ay, but the non-decreasing
statement works for K < k by Proposition [7§], since A > [ =
det(A) > 1 for any linear endomorphism A. (Hint: decompose 4 in
its symmetric and skew-symmetric parts: A = Ay + A_ = A (I + AT'A_) and notice that

A_T_lA,, being similar to the skew-symmetric operator A;1/2A,AI_1/2, has spectrum in iR).

§30. |Bishop-Gromov volume comparison, II ([Pe])

Thanks to our knowledge of the cut-locus we can show that Propo-
sition 97 holds globally, namely, for all » > 0 . Bishop proved in
1963 the weaker inequality Vol(B,(p)) < Vol(B};) and Gromov
the full statement in 1981:

Theorem 99.  (Bishop-Gromov) If M is complete with
Ricyr >k, then the function r — V,(p)/VF is non-increasing
for all v > 0. If, in addition, V,(p)/VF = V,(p)/VF for some
0 <s<r<diam(M), then B.(p) is isomelric to B},.

Proof: Since all the arguments in Section 29 need only for exp,
to be a chart, we can repeat everything on M \ C,(p) using
Corollary . Hence, Vol(B,(r)) = [5 [y ju(t)" 'dtdv still holds
once we set j,(t) as 0 for t > p(v). Indeed, all that is needed is
that the functions ¢, = j,/7 are still decreasing. s

Corollary 100. (Cheng, 1975) If diam(M") = wk in Bonnet-
Myers Theorem |62, then M" is isometric to S"(k) =

n
1/k%

Proof: WLG k = 1, and take py,ps € M" with d(p1,p2) = 7.
Then, we have that M" = By (p;), and Bg(p1) N Bg(p2) = 0.
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But Vol(M™)/Vol(Bg(pi)) = Va(pi)/Vz(pi) < V;/V%l = 2. So,
Vol(M™) SVOl(B% (pl)UB% (p2)) <Vol(M") = Vﬂ(pi)/V% (pi)=2
= by the equality case in Theorem[99) Bx(p;) and B} | =S"\{N'}
are isometric and By (p;) = M" = M" =S". s

Corollary 101. (Calabi-Yau, 1975) M™ complete noncom-

pact Ricyy > 0 = Vol(B,(p)) > r%;g—w if ™ > 6rg, e,

VOl(BT (p)) grows at least linearly (notice that it grows linearly in S™ x R).

Proof: Vi = Vi(p) = Vol(B(p)), V, = t"w,_; in R". For a

ray v at p, t > 2rg, and q = y(t + r9) we have V3, > Vi(q) >

Vitarg (@) —Vi(a) ¢ Vig 1" Vig t Vrg
Vigar,—Vi Vi 2 (t42r0)" =t 2rg 30 (M) (2r0 /)1 = tzm(zn—m- i

Corollary 102. If M 1is complete with finite volume and
Ric >0 (in particular, if M is flat), then M is compact.

§31. |[The Toponogov Theorem| ([Me])

A global generalization of Rauch Theorem [73|and Proposition :

Theorem 103. (Toponogov, hinge version) M complete with
K >k, and v, v2 normalized geodesics arcs with v1(0)="2(0).
Assume vy, is minimizing and, if k > 0, that L(y) < 7/Vk.
Let 41,99 be the corresponding hinge in Q3, that is,
L(%) = L(v) and Z(%1(0),%(0)) = £(41(0),7(0)). Then,
d(11(61),72(l2)) < d(71(61), 72(£2)).

Remark 104. This is immediate from Proposition /8 when ~y;
and 7o are contained in a metric ball centered at p onto which
exp, is nonsingular, and L(v;) < 7/v4k, i = 1,2, when k > 0.
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There are several versions of Toponogov Theorem [103] each one
useful in different circumstances. Some of them do not need any-
thing but distances!! For example, the next version follows ime-
diately from Theorem [103 using the fact that in Q3 the length of
a closing edge in a hinge with minimal geodesics and the hinge

angle are in a monotone relation, but they are actually equivalent:

Theorem 105. Let M be complete with K > k. If {~;} is
a minimizing geodesic triangle in M, then there is a unique
minimizing geodesic triangle {¥;} in Qf with L(%;) = L(v;),
j=10,1,2, and satisfies d(71(t1), 12(t2)) > d(31(t1), Ya(t2)) Vi €
[07 L(%’)]'

Another equivalent version:

Theorem 106. Let M be complete with K > k. If {~;} is
a minimizing geodesic triangle in M, then there is a unique
minimizing geodesic triangle {¥;} in Qf with L(%;) = L(v;),
j=0,1,2, and satisfies d(o,v(t)) > d(6,40(t)) ¥t € [0, L()].

Theorem (103 follows easily from Theorem (107 below (which in

turn is slightly more general than Theorem |106|) using the exercise
before Corollary 59| in Section [19 see [Me], page 16 Remarks 3
and 5. However, they are actually equivalent. So, we will prove:

Theorem 107. (Toponogov, metric version) M complete,
p1# 0 F# ps € M, v; a minimizing geodesic between o and p;,
1 = 1,2, and vy a non-constant geodesic between py and p
satisfying L(vy) < L(vw) + L(v2), all p.b.al. If K > k,
and L(vy) < 7/vVk when k > 0, then there is a minimizing
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geodesic triangle {7;} in Qi with L(’yj) = L(v;), j =0,1,2,
and it satisfies that d(o,~o(t)) > d(6,40(t)) Vt € [0, L(7)].

Proof: Let p = d(o,-), p = d(o,-). If A = Hess,|g,L is the
second fundamental form of (pieces of ) geodesic spheres centered
at 0, Rauch says that A < A= S;/I . where s is the solution of
s"+ks =0,5(0) =0, (0) =1 (see Remark[75)). To get a uniform
Hessian estimate (not just on Vp1), take f such that f = s.
Then, /" + kf = C = constant. So,ifo:= fopand o := fop
we have Hess, = (" o p)dp ® dp + (f’ o p)Hess, and therefore
Hess, < (—ko + C)I on M \ C,,(0) and Hesss; = (—ko + C)I.

If & > 0, assume first that L(yo)4L(y1)+L(y2) <27 /Vk, so the
corresponding minimizing geodesic triangle exists in Q% and it is
not a great circle. In particular, £ := L(vy) < 7/Vk.

Consider now § := g o yy — d o 4y on [0, ¢]. Since diam(M) <
7/VE if k > 0 by Bonnet-Myers Theorem , in any case f
is monotonous increasing and we only have to see that o > 0.
Observing that 6(0) = §(¢) = 0, assume that m := mind < 0.
If £ > 0, comparing with a sphere of curvature k — € for e — 0,
we may assume that diam(M) < 7/vk (or use Theorem I001).
Hence, there exist & > k and 7 > 0 such that ¢ < 7'('/\/7 —T.
In any case, it is easy to find a function ag such that aj+k'aq = 0,
ap(—7) = 0 and ag|jg < m. Thus, there is A > 0 such that the
function a = Aag satisfies a” + kK'a = 0, a < 0, and a(ty) =
d(to) < 0 for some ty € (0,€). (make a picture!)

Case 1. x = y(ty) € Cn(o). Then § is smooth in a neigh-
borhood of ty, and 6" = (Hess,7{, 7)) — (Hesss ), Y0) < —kd.
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Hence, (6 — a)”(ty) < (K" — k)d(to) < 0, which contradicts the
fact that ¢g is a minimum of 6 — a.

Case 2. x € Cy,(0). Let 8 be a minimizing geodesic from o to z,
0. := [(e), and replace p by p. = d(o,0.) + d(o,-). By the
triangle inequality, p. > p with equality at z, i.e., p. is an upper
support function (USF) of p at x. Moreover, x & C,(0),
and so p. is smooth at x. Since f is monotonously increasing,
oc == f o peis then an USF of o at . Thus d. — a is also an
USF of 6 — a at ty, and therefore it also attains its minimum
at tg. Since we get the same estimates as in Case 1 up to a
small error, 8" < —kd.+ O(e) (exercise), we have (6, —a)”(ty) <
(k'—k)o(ty)+O(€) < 0 for e small enough, again a contradiction.

Finally, we need to argue for L(yy) + L(y1) + L(v) > 27/VEk
if k£ > 0. The “=" case follows from the “<” case with a limit
argument in k — € as we did with the diameter. For the “>" case,
take r < k given by L(vy9) + L(v) + L(v) = 2w /+/r and use
the “=" case comparing with Q% the comparison triangle in Q2
has to be a great circle, so —0 = Jy(sg) and therefore 7/4/r =
d(6,—0) < d(o,v(s0)) < m/Vk < m/\/T, a contradiction. s

We also have a nice rigidity if the inequality is an equality:

Corollary 108. The equality case tn Theorem gives
rigidity: the constructed triangle with radial geodesics with-
out conjugate points must be the boundary of a totally geodesic
triangle A with constant curvature k inside M.

Proof: Assume that d(v1(¢1),2(l2)) = d(31(¢1), 32(£s)). Pick
geodesics v, interpolating v; and 7o, and 4, interpolating v; and
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A9, thus filling a geodesic triangle A in Q3. The end points give
then a curve ¢ in M and 43 in Q2. So, d(y1(¢1), v2(f2)) = L(43) >
L(c) by Proposition [78, The hypothesis then implies that ¢ = 3
is a minimizing geodesic, and we get a geodesic triangle A in M.
Moreover, by rigidity in Rauch K/ (TA) = k. OTOH, by Gauss
equation, this ruled triangle A C M has Kan < Ky (TA) = k.
Again by rigidity in Rauch but now for A we have Kx = k, the
two triangles are isometric, and the radial geodesics are relative
nullity of A in M.

Now pick other vertex ¢ of A and look at its opposite geodesic,
say 2, which by construction is also a geodesic of M. Pick a
geodesic o in A between ¢ and, say, Vo(s). Then, da(q,V2(s)) =
L(o) > da(q,v2(s)) > da(q,72(s)), where the last inequality
holds again by Toponogov. So o is also a geodesic in M. Since s
is arbitrary, the second fundamental form of A must vanish. a

Application. For noncompact M, (M) may not be finitely

generated (exercise). However, this does not happen if K > 0; in
fact, there is an a-priort bound on the number of generators:

Theorem 109. (Gromov) M" complete with K > 0 =
T (M™) can be generated by less than 3" elements.

Proof: Fix x € M, and for f € T = Deck(r) define || f| =
d(z, f(x)). Notice that {g € I': ||g|| < r} is finite for all r > 0.
So choose fi; € I such that ||fi|| = min{||f]|: f € T}, and

fr € T with || fi]| = min{|| f||: f € T\< f1,..., fr_1>}. Setting
Li = ||fill and I;; = d(fi(x), fj( x)), we have for ¢ < j that

= d(w, [T fi(@)) > I = I since f7f; €< fi,..., fi1 >,
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Now choose a minimizing geodesic v; from x to f;(x) of length
l;, and for ¢ < j a minimizing geodesic v;; from fi(x) to fi(x)
of length [;;. Take aj; = (7;(0),7}(0)) that is bounded from
below by the angle c;; of the corresponding minimizing triangle

in R? by Toponogov’s Theorem [103] The cosine law says that
COS ON(Z']' = (ZZQ + l? - l%)/Qlllj S (122 + l? — Z?)/2ll2 = 1/2 HGHCG,
a;; > &;; > m/3, and so the balls B?/Q(%((O)) are disjoint in
B
volumes. ¥

0) C T ' M. The estimate now follows easily by comparing

Remark 110. Essentially the same proof shows that if M" is
complete with K bounded from below, K > —\?. and bounded
diameter, diam(M™) < D, then 71 (M") is generated by less than

/nm/2 (242 cosh(2)\D))nT_1 elements (see Theorem 3.1 in [Me]).

To estimate the maximum number of balls of a fixed radius r
that fit in the unit n-sphere is an old subject. For 7/6 a known
exponential bound is 1.321" ([CZ]). But we have a natural:

Open problem: Is there a linear (or polynomial, or even subex-

ponential) bound in n for Theorem [109]?

Remark 111. In 1968, J. Milnor raised the conjecture that
complete and Ric > 0 implies that 771 must be finitely generated,
which is true in dimension 3. A “fractal snowflake” counterex-
ample of this conjecture was constructed only in 2023, with such
an M7 with (M) = Q/Z. More recently, a 6-dimensional ex-
ample was found, while the cases of dimension 4 and 5 are still
open.
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Remark 112. By Proposition [7§, Toponogov Theorem with
the inequality reversed K < k holds locally, and globally for
complete simply-connected manifolds and k < 0 (also for k£ > 0

as long as the perimeter of the triangle is < 27/v/k). Simply-
connectedness is essential: a flat torus has geodesic triangles with
two minimizing sides and the third arbitrarily large, which of
course does not exist in R2.

§32. |Drops of Alexandrov Spaces| ([BBI])

Toponogov’s Theorem (107 (or even Proposition gives rise to

curvature notions for metric (length) spaces(!):

Def.: (E,d) a metric space = d; = inf{L(c)} (may be +00) is
called the interior distance. If d; = d, (F,d) is called a length
space (actually, d;; = d;).

Hopf-Rinow Theorem [35] holds for locally compact length spaces:
If a locally compact length space (E,d) is complete, then any
two points in E can be connected by a minimizing geodesic.

Def.: A length space (F,d) is called an Alexandrov space with
curvature > c if for all x € E there exists a neighborhood U,
of x such that, for every triangle pgr in U,, ¢ € pr and p’ €
qr, it holds that d(p’,q") > J(ﬁ’,q”), where p' and ¢ are the
corresponding points on the comparison triangle pgr in Q2.

Remark 113. In the same way that the local Proposition
gives rise to its global version Toponogov Theorem for com-
plete manifolds, the previous local definition implies the corre-
sponding global theorem for complete Alexandrov spaces, a result
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due to Burago, Gromov and Perelman (for a proof, see [LS]), as

well as the Toponogov Theorem with the inequality reversed cited
in Remark [112] (see Theorem 9.2.9 in [BBI]).

Alexandrov spaces appear as limits of manifolds:

Given two compact metric spaces X,Y we define the Gromouv-
Hausdorff distance dgy(X,Y) = inf{dy(f(X),9(Y))} where
the infimum is taken over all metric spaces Z and all distance pre-
serving maps f: X =2, oY — Z, and dy is the Hausdorff dis-
tance given by dy(R,S) =inf{e>0: R C B.(S),S C B(R)}.

With dg g the isometry classes of compact metric spaces C is itself
a metric space(!) and we can talk about convergence of compact
metric spaces(!!). A celebrated result by M. Gromov states that

M(n,c, D) = {M" compact : Ric > ¢, diam(M) < D}

is precompact in C. Limits of converging sequences with bounded
K are Alexandrov spaces that are not in general manifolds.

§33. [The Preissman Theorem

M" complete, K < 0= M"2R" = m,(M") =0 Y k> 2.
But how is m(M™) when M" is compact?

Def.: Free homotopy classes: 71 (M).
Def.: Closed geodesics and geodesic loops.

Theorem 114. (Cartan) M"™ compact = 3 a closed geodesic
in each free homotopy class.
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Proof: Fix w € m(M) nontrivial, and take a sequence of closed
piecewise geodesics 7, : S — M such that L(y,) — £ =
inf{L(c): ¢ € w}. {v,} is equicontinuous = v, — o € C
uniformly. Define v as the closed broken geodesic joining o (¢;) to
o(tir1), where o([t;,t;41]) is inside a convex ball = v € w =
L(vy) > ¢. But L(y) < ¢ = ~ is not broken. y

Remark 115. Compactness is necessary. Yet, every compact
Riemannian manifold has a closed geodesic (Lyusternik-Fet '51).

Def.: g € Iso(N) without fixed points is a translation along v
if g(v) =~ (the images as sets), for some geodesic v of V.

Lemma 116. M compact, m: M — M its universal cover

with the covering metric. Then, every f € Deck(m) C Iso(M)
is a translation.

Proof: Let j be the isomorphism in Corollary 40jand v € j71(f)
as in Cartan’s Theorem [114] (as a free homotopy class) with lift 5.
Then, f(7(s)) = (s + r), where r is the period of v (it is s and
not —s since otherwise 4(r/2) would be a fixed point of f).

Lemma 117. If all elements of a subgroup 1 # H C Deck()
leave invariant the same nonclosed geodesic, then H = Z.

Proof: h(v(s)) =~(s+7(h)), with 7: H — (R, +) an injective
group homomorphism. H acts discontinuously = 7(H) = Z.

Ezercise. Show that the hypothesis of the above Lemma without the nonclosedness of the

geodesic implies that H is cyclic. Give an example of this situation for each cyclic group.
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Lemma 118. A, B,C a geodesic triangle in a Hadamard
manifold = i) A* + B* — 2ABcos(y) < C? (< if K < 0),
i) a+P+y<m(<if K<O0).

Proof: Consequence of Proposition [7§| (exp,, is an expansion). u

Proposition 119. Let M be a Hadamard manifold with
K <0, and f # Id a translation along v = v is unique.

Proof: Suppose there are two, v1, 72 = 1 N2 = 0 = there is
a geodesic quadrilateral which contradicts Lemma [T18] s

Corollary 120. If g € Iso(M) commutes with an f as in
Proposition = ¢ s also a translation along 7.

Theorem 121. (Preissman) M compact with K < 0 = any
nontrivial abelian subgroup of m (M) is infinite cyclic.

Proof: Lemma [116] + Corollary + Lemma [I17]

Corollary 122. Many compact manifolds that admit metric
with K < 0 admit no metric with K < 0: T", N? x St for a
compact N2>, M x N for compact M and N, etc, etc...

Lemma 123. If M complete with K < 0 and Deck(rm) fizes
the same geodesic 7, then M is not compact (in fact, every
geodesic orthogonal to w(%) is a ray).

Proof: Take § a unit orthogonal geodesic to v at p = 7(0), o
a minimizing geodesic joining p to B(t), and lift 8 and oy to M.
By Lemma (118 (i), t < L(a) = L(oy) = d(p, B(t)) < t.

Corollary 124. (Preissman) If M is compact with K < 0,
then m (M) is not abelian.
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Theorem 125. (Byers) If M is compact with K < 0 and
1 # H C m(M) is solvable, then H = Z. Moreover, any such
subgroup has infinite index.

Proof: H = Hy D HH D --- D Hy,.1 D Hy = 1 with H;
normal in H;,; and abelian quotients = Hy_1 = (g) = Z with
g fixingv. lf h € Hy_o, [h, g] = g for some m = h also leaves =y
invariant = Hy_o = Z, and so on = H = 7 (abelian quotients
only needed for Hy_1).

Now suppose H = (g) = Z C (M) has finite index, and take
Id # h € (M) = for some n,m, h" = g = by the first part
h" # Id, and it fixes 7. By Proposition h also fixes v =
71 (M) fixes . This contradicts Corollary [124| by Lemma [117] g

Remark 126. For (much) more about manifolds with non-
negative curvature, see [BGS].

§34. [Busemann functions

These functions are one of the main tools to study the behavior
“at infinity” of complete noncompact manifolds.

First, recall: Integration by parts = weak solutions of PDEs =
good spaces where things converge nicely, as opposed to C*(M,R).
Regularity theory of elliptic PDEs: weak solutions are strong.
Maz. pple: f € C*(M,R), f >0, f(po) =0,Af <0= f=0.
Support functions and the strong mazimum principle: Let
feCMR), f>0, flpo) = 0. Suppose that Vx € M and
Ve > 0, 3 h* € C*(U,) such that h* > f, h*(x) = f(x) (ie. an
USF of f at x) with Ah?(x) <e. Then, f =0.
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Def.: A ray v: [0,+00) = M is a (normalized) geodesic such
that d(p,y(t)) =t,Vt > 0, while a line is a (normalized) geodesic
v: R — M with d(~(t),v(s)) = |t — s|, Vt,s € R.

For a ray v and ¢ > 0, set by = b) == d(v(¢t),") —t: M — R. If
p = v(0), triangle inequality = b; < bsif t > s, by > —d(p,-),
and |b(z) — b(y)| < d(x,y) Vo,y € M = the Busemann
function of v given by

b’:= lim b/ = lim (d(y(¢),")—t): M - R

t——+00 t——+00

is well defined and Lipschitz.

Busemann functions have natural USF's:

Given x € M, take i, = limg ug: [0, 400) — M a future asymp-
tote to v with p(0) = 2. Since u, is a ray starting at x,

g = b +b'(x) (5)
is smooth at x, with ¢f(z) = b'(x). Since d(v(s),z) —t =
d(y(s), ps(t)) = d(y(s), p(t)) = d(ps(t), i (t)), we get

gtx = lim (d(:qu(t)a ) + d(fY(S)a l’) —t— 3) > b

S——+00

That is, g/ is an USF of 07 at «, Vt > 0. Notice also that
b (py(s)) =b(x)—s,Vs > 0, s0 ||[Vb|| = 1 where it is smooth.

Lemma 127. If f: M — R is C? with |V f|| = 1, then

(Af)?
n—1"
Proof: The first inequality follows taking an o.n.b. diagonalizing

—(n—1)Ric(Vf) = VF(Af) + |[Hess;||* > VF(AS) +

Hess, while the second one is just Cauchy-Schwarz on (V f)*.
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Corollary 128. (Calabi) If Ric > 0, then for p == d(p,-) it
holds that Ap < (n—1)/p on M \ Cy,,(p) U{p}.

Proof: If ~ is a minimizing geodesic starting at p, and A =
ﬁﬁp o 7y, then lim_,q ﬁ = limy_,ot = 0, and N + A2 < 0 by
Lemma[127, Hence A is decreasing, (1/\)" > 1 where A > 0, and
thus A(¢) < 1/t =1/p(v(t)). n

Corollary 129. Ric > 0 = a.e. Ab] < % — 0 on com-

pacts as t — +oo. In particular, b7 is weakly subharmonic.

§35. [The Cheeger-Gromoll Splitting Theorem

While any complete noncompact manifold has a ray, not neces-
sarily it has lines (compute the rays for the paraboloid). In fact,
lines only appear in products for Ric > 0:

Theorem 130. (Cheeger-Gromoll) Let M be complete with
Ric > 0. If M has a line, then M 1s isometric to N x R.

Proof: Let v be aline, z € M, and let g/ and g/ be the natural
support functions of b7 and b~7 as in (§). The function b :=
b" + 077, satisfies b > 0 and b = 0 over . Thus h! = gi"/6 + §f/6
is an USF of b at « and, by Corollary {128, Ah?(x) < 2(n—1)e. By
the strong maximum principle, b = 0, and by Corollary both
b7 are harmonic, hence smooth. By Lemma [127, Hessyy = 0,
Vb7 is parallel ( = Killing), the level sets N; = (b7)71(¢) of b are
smooth embedded totally geodesic isometric hypersurfaces, and
the (globall) flux of Vb restricted to Ny x R is a bijective local
isometry, hence an isometry.
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For a proof without using regularity of elliptic PDEs, see [EH].

Ezercise. If (M, g) is compact and a covering M of M is not, then (M , §) contains a line.

Ezercise. If M is compact with Ric > 0, then its universal cover splits isometrically as

N x R*, with N compact and simply connected. Moreover, Iso(N x R¥) = Iso(N) x Iso(R¥).

Ezercise. If M is compact with Ric > 0 and Ric > 0 somewhere, then 71 (M) is finite.

§36. [On the differentiable sphere Theorem

Let M™ be a compact manifold with positive sectional curvature.
Then7 sz’n <K< Kmax (i.e., Kmm(p) < K(Up) < Kmax(p))-

Def.: The function K,/ Kpa, is called the pinching function
of M. We say that M is d-pinched, or that 6 € R is a pinching
of M, if 0 < Kpin/ Kpmaz, 1.€.,

0K par(p) < K(0p) < Kpaw(p), Yo, CT,M, Vp € M.
The old question: § ~ 1= M"=S§"/T"?

The answer was yes, but how close ¢ has to be from 1, and what

o

does “=" mean? Lots of development and people involved.

At least for n even, § > 1/4 . CP".

Ezxtrinsic geometric flows: Curvature flow for closed embedded
curves in compact and complete surfaces. Watch this and this
youtube videos to get an intuition.

Very global in nature: smooth a “triangle” at its vertices.

Mean curvature flow (MCF): f' = —HN; inverse MCF, etc....
f''= =V E(f) for some energy functional E (E = vol for MCF).

Def.: Hamilton’s Ricci flow: g; = —Ricy,.
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https://www.youtube.com/watch?v=ubYZ9IV-3EM
https://www.youtube.com/watch?v=xhhcNR7se5U

Def.: Normalized Ricci flow: g, = —Ricg, + ([, scaly,)g:.

These are diffusion equations that tend to ‘distribute’ the curva-
ture uniformly over the manifold (preserving the volume for the
normalized flow). So they should somehow make the metric more
‘symmetric’. In general, although we always have existence of flux
for small time (Hamilton), singularities (where K — oo) appear.

Remark 131. Perelman’s proof of Thurston’s geometrization
(and hence Poincaré’s) conjecture is based on the classification of
the singularity types of the Ricci flow, and their desingulariza-
tion using (discrete!) surgeries. The number of surgeries is finite
for compact simply connected 3-dimensional manifolds, proving
Poincaré’s conjecture, since every topological manifold of dim < 3
admits a smooth (even C¥) structure. Apart from the beautiful
and tough math, the story behind this is well known (and quite
sad... to say the least: see [NGJ).

The two important questions for us are:
1. Which are invariant conditions under the Ricci flow?
2. Does the metric converge under an tnvariant condition?

Under some invariant conditions the Ricci flow develops no sin-
gularities, like it was shown in the seminal work [BW]:

Theorem 132. (Bohm-Wilking) Positive and 2-positive cur-
vature operator are invariant conditions, and the metrics con-
verge to a metric with constant sectional curvature. In par-
ticular, M is diffeomorphic to a spherical space form, S" /T,

The key main technique behind this beautiful result is the use of
pinching-famalies, that are barriers in the sense of PDEs.
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Theorem 133. (Yau-Zheng) If M is 1/4-pinched = K¢ > 0.

Theorem 134. (Ni-Wolfson, [NW]) Both K¢ > 0 and
Kc > 0 are invariant conditions under the Ricci flow.

These three results, together with a pinching-family construction
as [BW], immediately give the differentiable sphere theorem:

Corollary 135. (Brendle-Schoen) If M is (pointwise) 1/4-
pinched, then M 1is diffeomorphic to a spherical space form.

Actually, Ni and Wolfson in their beautiful and short work [N'W]
proved a stronger version of the differentiable sphere theorem
Corollary [135], where even zero curvatures are allowed:

Theorem 136. (Ni-Wolfson) Assume there exist continuous
functions k(p),d(p) > 0, such that P .= {p € M: k(p) > 0}
is dense and 0 # 0, satisfying that, for allp € M, o C T,M,

1

1L H0p)k(p) < K(o) < (1= d(p)k(p).

Then, the normalized Ricci flow deforms g into a metric of
constant sectional curvature. In particular, M™ = S"/T".

Remark 137. It is a pity that the paper [NW] by Ni and
Wolfson was never published in print (as neither were the three
papers where Perelman proves Thurston’s geometrization conjec-
ture). But the really interesting and sad question is: WHY?

For details about the Ricci flow, Bohm-Wilking superb work
[BW] and the differentiable sphere theorem, see the survey [Ri].
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