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Abstract

An isometric deformation of an Euclidean submanifold is called genuine if the

submanifold cannot be included into a submanifold of larger dimension in such a

way that the deformation of the former is given by an isometric deformation of the

latter. The submanifold is said to be genuinely rigid if it has no genuine deforma-

tions. In this paper we study the deformation problem in codimension two for the

classes of elliptic and parabolic submanifolds. In spite of having a second funda-

mental form as degenerate as possible without being flat, i.e., the Gauss map has

rank two everywhere, our main result says that generically these submanifolds are

genuinely rigid. An additional unexpected deformation phenomenon for elliptic

submanifolds carrying a Kaehler structure is described.

It is a standard fact that an isometric immersion f : Mn → R
n+p of an n-dimensional

Riemannian manifold into flat Euclidean space with low codimension p is locally isomet-
rically rigid provided its second fundamental form αf : TM × TM → T⊥

f M is not too
degenerate; for instance see [1], [2], [4] and [19]. All these results generalize the classical
Beez-Killing theorem for hypersurfaces (p = 1) that concludes isometric rigidity if the
number of nonzero principal curvatures of f at any point is at least three. Sbrana and
Cartan worked out the remaining interesting case, that is, the one of hypersurfaces with
two nonzero principal curvatures. Generically these submanifolds are also locally rigid
but now there are many locally deformable ones called Sbrana-Cartan hypersurfaces ;
see [7] and references therein.

Sbrana-Cartan hypersurfaces belonging to two of the four classes in which they can
be divided, namely, surface-like and ruled, are highly deformable. For instance, the local
isometric deformations of a ruled hypersurface are parametrized by the set of all smooth
functions in an interval. Quite differently, the ones in the continuous class have only a
one-parameter family of deformations while elements belonging to the remaining discrete
class admit just a single deformation. In fact, until recently it was not clear whether
hypersurfaces of the discrete class actually exist. However, it was shown in [7] that
the transversal intersection of two flat hypersurfaces in Euclidean space is generically a
Sbrana-Cartan hypersurface of discrete class obtained together with its unique isometric
deformation. Moreover, a complete parametric description for those submanifolds given
by this geometric procedure was obtained.
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Nothing similar to the local results for hypersurfaces due to Sbrana and Cartan
seems to be known for codimension higher than one. Globally, there are the ones for
compact submanifolds in codimension two obtained in [11]. Already for codimension
two the unexpected results of this paper give a clear indication of the difficulties to fully
solve the local deformation problem. We need to recall from [6] the notion of genuine
rigidity before we state our results. This concept extends the standard one of isometric
rigidity and plays a fundamental role in the understanding of isometric deformations in
codimension higher than one.

Observe that a hypersurface of a Sbrana-Cartan hypersurface is also deformable,
and thus belongs to the class of deformable submanifolds in codimension two. This
observation motivates the following definition that for k = 2 amounts for isometric
congruence. We say that a pair of isometric immersions f, f ′: Mn → R

n+2 extend
isometrically if there are an isometric embedding j: Mn →֒ Nn+k into a Riemannian
manifold Nn+k, 1 ≤ k ≤ 2, and a pair of isometric immersions F, F ′: Nn+k → R

n+2 such
that f = F ◦ j and f ′ = F ′ ◦ j, that is, if the following diagram commutes:
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Since our interest is the study of “real” deformations in codimension two, i.e., we
want to ignore the ones given by Sbrana-Cartan hypersurfaces, the following definition
of rigidity from [6] gives the appropriate framework.

Definition. An isometric immersion f : Mn → R
n+2 is genuinely rigid if for any given

isometric immersion f ′: Mn → R
n+2 there is an open dense subset U ⊂ Mn such that

the pair of isometric immersions f |U , f
′|U : U → R

n+2 extend isometrically.

In this paper we study the local deformation problem in codimension two for the
classes of elliptic and parabolic submanifolds as defined in [5]. Notice that the geometric
structure of these submanifolds is quite different from those for which the aforementioned
rigidity results apply since their second fundamental form is as degenerate as possible
without being flat. We first recall the definition of the classes.

Let f : Mn → R
n+2 be an isometric immersion of rank two of a manifold without

flat points whose second fundamental form αf : TM × TM → T⊥
f M spans the two

dimensional normal space at each point. That f has rank two means that its Gauss
map with values in the Grassmannian Gn,2 of all nonoriented n-planes in R

n+2 has rank
two everywhere. Equivalently, the index of relative nullity ν(x) of f at x ∈Mn, that is,
the dimension of the relative nullity vector subspace

∆(x) = {Y ∈ TxM : αf (Y,X) = 0, X ∈ TxM}
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is constant n− 2. Therefore, given a basis X, Y ∈ ∆⊥(x) there are a, b, c ∈ R such that

aαf (X,X) + 2c αf (X, Y ) + b αf (Y, Y ) = 0. (1)

In [5] we called f an elliptic (resp., parabolic or hyperbolic) submanifold if ab − c2 > 0
(resp., = 0 or < 0) everywhere, a condition that is independent of the given basis.

Two (dual) alternative parametric descriptions of the large class of elliptic isometric
immersions were given in [5]; see Theorems 10 and 14. The important family of those
that are minimal, and then generically deformable, was described by Theorem 22. Below
we recall from [5] the parametric description of the minimal ones that carry a Kaehler
structure. These are either holomorphic or are always locally deformable. Examples of
parabolic isometric immersions are the ruled ones, i.e., the submanifolds that carry a
codimension one foliation whose leaves are (open subsets of) affine Euclidean subspaces.

In view of the Sbrana-Cartan classification it seems natural to expect the existence
of a large family of elliptic or parabolic submanifolds admitting local isometric deforma-
tions that cannot be given as isometric extensions. Our results deny this expectation.
In fact, we show that a locally irreducible elliptic or parabolic submanifold that cannot
be realized as an hypersurface is (along connected components of an open dense subset)
either rigid or any of its isometric deformations is given through isometric extensions
by a deformation of a Sbrana-Cartan hypersurface.

For the elliptic case we have the following result, where a submanifold f : Mn → R
n+2

is called surface-like if either f(M) ⊂ L2×R
n−2 where L2 ⊂ R

4, or f(M) ⊂ CL2×R
n−3

where CL2 ⊂ R
5 is a cone over a surface L2 ⊂ S

4.

Theorem 1. Let f : Mn → R
n+2 be a nowhere surface-like elliptic submanifold that

admits no local isometric immersion in R
n+1. Then f is genuinely rigid.

We believe that the assumption that Mn does not have an isometric immersion as
a hypersurface can be removed. In fact, the following result shows that this is the case
for the minimal ones.

Corollary 2. Let f : Mn → R
n+2, n ≥ 4, be a substantial connected minimal isometric

immersion of rank two that is not (globally) surface-like. Then f is genuinely rigid.

To state our result for the class of parabolic submanifolds we first discuss the ones
that are ruled.

Proposition 3. Let g: Mn → R
n+1 be a simply connected and nowhere surface-like

ruled hypersurface without flat points. Then, the family of ruled isometric immersions
f : Mn → R

n+2 is parametrized by the set of ternary smooth arbitrary functions in an in-
terval. Moreover, any pair of submanifolds f, f ′ belonging to the family, with at least one
not a hypersurface, extends isometrically to either flat or Sbrana-Cartan hypersurfaces
along each connected component of an open dense subset of Mn.

Conversely, if f : Mn → R
n+2 is a ruled simply connected submanifold without flat

points then Mn admits an isometric immersion as a ruled hypersurface.
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We recall from [6] the following concept on isometric deformations.

Definition. An isometric immersion f̂ : Mn → R
n+2 is a genuine deformation of a given

isometric immersion f : Mn → R
n+2 if there is no open subset U ⊂Mn along which the

pair of isometric immersions f |U , f
′|U : U → R

n+2 extends isometrically.

In the parabolic case we have the following complete classifying result.

Theorem 4. Let f̂ : Mn → R
n+2 be a genuine deformation of a nowhere surface-like

parabolic submanifold f : Mn → R
n+2. Then f is ruled along each connected component

Vλ of an open dense subset of Mn and f̂ |Vλ
= h ◦ g|Vλ

is a composition of isometric
immersions that has constant index of relative nullity ν = n− 3, where g: Vλ → R

n+1 is
ruled and h:Uλ ⊂ R

n+1 → R
n+2 is such that g(Vλ) ⊂ Uλ.

Notice that the condition for a composition of isometric immersions as in the theorem
to have index of relative nullity ν = n− 3 is generic. Moreover, local flat hypersurfaces
can be easily described; cf. [8].

It was shown in [9] that any simply connected minimal submanifold of rank two
admits a one-parameter family of minimal isometric deformations. Moreover, by results
in [5] the family is trivial (i.e., all immersions are congruent) only if a strong additional
condition is satisfied. In view of Corollary 2, one would guess that in codimension two
such one-parameter family of deformations is given by the deformations of a hypersurface
that contains it and belongs to the continuous class in the Sbrana-Cartan classification.
Surprisingly enough we show below that this is not true for minimal submanifolds that,
in addition, carry a Kaehler structure but are not holomorphic. Moreover, we believe
that our proof gives a strong indication that a result of this kind should hold for a larger
class of elliptic submanifolds.

We first recall some basic properties of minimal immersions of Kaehler manifolds.
We know from [13] that any minimal isometric immersion f : M2n → R

2n+p of a Kaehler
manifold is pseudoholomorphic. In terms of its second fundamental form and complex
structure J this is equivalent to

αf (JX, Y ) = αf (X, JY ). (2)

If M2n is simply connected and f is not holomorphic, it was shown in [9] that there
exists a one-parameter associated family of nowhere congruent isometric immersions
fθ: M

2n → R
2n+p, where θ ∈ [0, π). They are explicitly given by the line integral

fθ =

∫ x

x0

f∗ ◦ Jθ,

where x0 ∈ M2n is a fixed point and Jθ = cos θI + sin θJ . Moreover, the second
fundamental form of fθ is

αfθ(X, Y ) = αf (JθX, Y ). (3)
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In addition, we have that f = f0 can always be made the real part of its holomorphic
representative F : M2n → C

n+p defined as F = 1√
2
(f0, fπ/2).

In the following result we use that Sbrana-Cartan hypersurfaces can be of real or
complex type. The definitions were given in [7] and will be recalled in the next section.

Theorem 5. Let f : M2n → R
2n+2, n ≥ 2, be a nonholomorphic isometric immersion

of rank two of a simply connected nowhere flat Kaehler manifold. The following holds:

(i) The isometric immersion f is minimal. Moreover, if its holomorphic representa-
tive is substantial then any other isometric immersion f ′: M2n → R

2n+2 belongs
to its (nontrivial) one-parameter associated family.

(ii) The pair f, f ′ extend isometrically along an open dense subset of Mn to nowhere
congruent Sbrana-Cartan hypersurfaces that are necessarily of discrete class and
complex type.

In particular, the question raised in [7] of whether there exist hypersurfaces of com-
plex type in the discrete class now has a positive answer. In fact, an explicit parametric
procedure to construct such examples follows from Theorem 5 by using the Weierstrass
type representation of elliptic Kaehler submanifolds discussed below. Notice also that
the Kaehler submanifold is the intersection of a one-parameter family of nonisometric
Sbrana-Cartan hypersurfaces of the discrete class. Finally, we point out that the ele-
ments in the subclass of deformable hypersurfaces of the discrete class described earlier
as being given by intersections of flat hypersurfaces are of real type.

To conclude this section, we show that the holomorphic representative of a rank two
Kaehler submanifold in codimension two is (as required in part (i) of Theorem 5) gener-
ically substantial. First, we recall from [5] that any irreducible Kaehler submanifold
f : M2n → R

2n+p of rank two and substantial codimension p ≥ 2 admits a Weierstrass
type representation. In the special case of codimension p = 2 this representation is as
follows. Let a0 = a0(z) be a nonzero holomorphic map a0: U → C

2 defined on a simply
connected domain U ⊂ C such that α0 = (ϕ1, ϕ2) satisfies ϕ2 6= ± iϕ1. Assuming that
αr: U → C

2r+2, 0 ≤ r ≤ n− 1, has been already defined, set

αr+1 = βr+1

(

1− φ2
r, i(1 + φ2

r), 2φr

)

,

where βr+1 = βr+1(z) 6= 0 is any holomorphic function defined on U , φr =
∫ z
αrdz and

φ2
r = φr.φr in the standard symmetric inner product. Now let Ψθ: U × C

n−1 → R
2n+2

be defined by Ψθ(z, w) = Re {eiθF(z, w)} for θ ∈ [0, π), where

F(z, w) =

∫ z
µ(z)αn(z)dz +

n−2
∑

j=0

wj+1
djαn

dzj
(z) (4)

and µ = µ(z) is any holomorphic function defined on U . Then the maps Ψθ = Ψθ(z, w)
parametrize, at regular points, the one-parameter associated family of noncongruent
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substantial minimal isometric immersions of rank two of an irreducible Kaehler manifold
with holomorphic representative F . Conversely, any minimal isometric immersion of
rank two and codimension two of a simply connected Kaehler manifold has such a
Weierstrass type representation. The holomorphic representative F of f parametrized
as in (4) is substantial if and only if the complex curve αn is substantial, that is, if

span{djαn/dz
j : 0 ≤ j ≤ 2n+ 1} = C

2n+2. (5)

A straightforward computation shows that generically for the functions α0, β1, . . . , βn,
the subspace on the left hand side of (5) is spanned by the linearly independent vec-
tors: αn, (0, 0, αn−1), . . . , (0, · · · , 0, α0), (−1, i, 0, . . . , 0), . . . , (0, . . . , 0,−1, i, 0, 0) and
(0, . . . , 0, dα0/dz), and hence condition (5) holds.

The proofs.

Let f : Mn → R
n+2 be a nowhere flat simply connected submanifold of rank two

whose second fundamental form αf spans the full normal space at each point. As seen
in [5], at each point there are vectors X1, X2 ∈ ∆⊥ such that (1) takes the form

−ǫ αf (X1, X1) + αf (X2, X2) = 0, (6)

where ǫ = −1, 0, 1. Moreover, the pairs aX1 + bX2, aX2 + ǫbX1 also satisfy (6) and, up
to signs, there are no others. Then let J : ∆⊥ → ∆⊥ be the (unique up to sign) linear
map defined by JX1 = X2 and JX2 = ǫX1. In particular, J2 = ǫI. We conclude that f
is elliptic, parabolic or hyperbolic if and only if there is a linear map J : ∆⊥ → ∆⊥ such
that J2 = ǫI with ǫ = −1, 0, 1, respectively, and

αf (X, JY ) = αf (JX, Y ) (7)

for all X, Y ∈ ∆⊥ or, equivalently, for any ξ ∈ T⊥
f M the corresponding shape operator

satisfies
Aξ ◦ J = tJ ◦ Aξ. (8)

We recall that the intrinsic splitting tensor C: ∆×∆⊥ → ∆⊥ is defined as

C(T,X) = CTX = −(∇XT )∆⊥ .

By the Codazzi equation the tensor C satisfies AξCS = tCSAξ for any ξ ∈ T⊥
f M and

S ∈ ∆; see [7] or [10] for details. We obtain from (8) that

span{CS : S ∈ ∆} ⊂ span{I, J} (9)

on any point of Mn. The following fact is well-known; cf. Lemma 6 in [7].
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Lemma 6. Assume that CT = µ(T )I at any point and for all T ∈ ∆. Then there is an
open dense subset of Mn such that each point has a neighborhood where f is surface-like.

It is not difficult to see that Sbrana-Cartan hypersurfaces of continuous or discrete
class also satisfy (9) with J2 6= 0. In [7] such a hypersurface was called of complex
(resp., real) type if J2 = −I (resp., J2 = I).

Recall that the index of nullity µ(x) of the curvature tensor R at x ∈Mn is defined
as µ(x) = dimΓ(x), where

Γ(x) = {Y ∈ TxM : R(Y,X) = 0 for all X ∈ TxM}.

The following result is of independent interest.

Proposition 7. Let Mn be a Riemannian manifold with constant index of nullity
µ(x) = n− 2, and let f : Mn → R

n+2 be an isometric immersion with index of relative
nullity ν(x) 6= µ(x) everywhere. Then f = h ◦ g is a composition of isometric immer-
sions, where h: Nn+1

0 → R
n+2 is a flat hypersurface and g: Mn → Nn+1

0 an isometric
embedding.

Proof: We argue that ν(x) = n− 3 everywhere. Let B: TxM → TxM be any linear map
such that Γ(x) = ker B and detB|Γ⊥×Γ⊥ = −K(x), where K(x) 6= 0 is the sectional
curvature of the plane Γ⊥(x). Let β: TM×TM → W 3 := R×T⊥

f(x)M be the symmetric
bilinear map defined by

β(X, Y ) = (〈BX, Y 〉, αf (X, Y )).

Then β is flat by the Gauss equation once W 3 is endowed with the product metric, i.e.,

〈β(X, Y ), β(Z, T )〉 − 〈β(X,T ), β(Z, Y )〉 = 0,

and the assertion follows from Corollary 1 in [17].
We claim that at each point there is a vector η ∈ T⊥

f M of unit length such that
rankAη = 1. Assume otherwise at x ∈ Mn, and choose B such that B 6= Aξ for any
ξ ∈ T⊥

f(x)M . It follows that W 3 = span{β(X, Y ) : X, Y ∈ TM}. By (a) of Theorem 2

in [17] there is an orthogonal basis (1, µj) of W
3 such that rank (B + Aµj

) = 1. Hence,
the three vectors δi = µj − µk, where i 6= j < k 6= i, are pairwise linearly independent
and rankAδj = 2 by assumption. Take nonzero vectors X1, X2, X3 ∈ ∆⊥(x) such that
Xj ∈ ker Aδj . It is clear that they are pairwise linearly independent since the δj are and
ν(x) = n− 3. Moreover, we have that

αf (Xi, Xj) = 0 for all i 6= j. (10)

The vectors X1, X2, X3 are linearly independent. If otherwise, say that X3 = X1 +X2.
It follows using (10) that αf (X3, X3) = 0, and similarly αf (X1, X1) = 0 = αf (X2, X2).
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We conclude that αf |π×π = 0, where π = span{X1, X2}. It is now easy to see that
ν(x) = n− 2, which is not possible.

Take 0 6= Z ∈ ∆⊥ ∩ Γ(x). Set Z =
∑3

j=1 ajXj and X =
∑3

j=1 yjXj ∈ ∆⊥(x). By
the Gauss equation,

0 = K(Z,X) =
∑

1≤i<j≤3

(aiyj − ajyi)
2〈αf (Xi, Xi), αf (Xj, Xj)〉 (11)

for all y1, y2, y3 ∈ R. We have from 〈αf (Xj , Xj), δj〉 = 0 that the vectors αf (Xj , Xj)
must be pairwise linearly independent. Hence, at most one of the inner products in
(11) may vanish. Moreover, if 〈αf (Xi, Xi), αf (Xj, Xj)〉 6= 0 then its sign coincides with
the one of K(x) by the Gauss equation. It follows from (11) that Z = 0, and this is a
contradiction that proves our claim.

Clearly, span{η} = span{αf (Z,Z) : Z ∈ Γ} and, in particular, η can be taken to be
smooth. The Codazzi equation for Aη applied to pairs of vectors in ker Aη easily gives
that η is parallel in the normal connection along ker Aη, and the proof follows from
Proposition 4 in [11].

Under the assumptions of Proposition 7 it also follows that there is an open dense
subset V ⊂Mn such that along each connected component Vλ of V there are a nowhere
flat hypersurface g: Vλ → R

n+1 and a flat hypersurface h: Uλ ⊂ R
n+1 → R

n+2 with
g(Vλ) ⊂ Uλ and f |Vλ

= h ◦ g. This fact is used to prove our next result. Here and in the
sequel we denote objects related to f ′ with the same symbols as for f plus a prime.

Corollary 8. Let f : Mn → R
n+2 be a rank two nowhere flat isometric immersion

and let f ′: Mn → R
n+2 be another isometric immersion. Then, along each connected

component Vλ of an open dense subset of Mn either f ′|Vλ
has rank two and ∆ = ∆′, or

f ′|Vλ
has constant index ν(x) = n− 3 and it is a composition of isometric immersions

f ′|Vλ
= h ◦ g,

where g: Vλ → Uλ ⊂ R
n+1 and h: Uλ ⊂ R

n+1 → R
n+2.

Proof: We have from ∆ = Γ that ∆ ⊆ ∆′, and the proof follows from Proposition 7.

Notice that for nowhere flat submanifolds of rank two Γ(x) = ∆(x). Riemannian
manifolds with constant conullity n− µ(x) = 2 were studied by Szabó in [20] and [21].
In view of Proposition 7, with the notion of hyperbolic Riemannian manifold given in
([3], p. 76) we have the following intrinsic version of Theorems 1 and 4. Here, that a
Riemannian manifold Mn is surface-like means that it is isometric to an open subset of
R

n−3 × R×ρ L
2.

Corollary 9. Let Mn, n ≥ 3, be a nowhere hyperbolic or surface-like Riemannian
manifold of conullity two that admits no local isometric immersion in R

n+1. Then any
isometric immersion of Mn in R

n+2 is genuinely rigid.
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For the proof of Theorem 1 we use the following result given in [11] as Lemma 6.

Lemma 10. Given isometric immersions f, f ′: Mn → R
n+2, n ≥ 3, suppose that there

are smooth orthonormal normal frames {ξ, η} and {ξ′, η′} such that the corresponding
shape operators satisfy everywhere:

(i) Aξ = A′
ξ′ ;

(ii) rankAη = 2 and A′
η′ 6= ±Aη.

Then the pair of isometric immersions f, f ′ extend isometrically to nowhere congruent
Sbrana-Cartan hypersurfaces F, F ′: Nn+1 → R

n+2 with Gauss maps η, η′: Nn+1 → S
n+1

up to parallel identification.

The isometric extensions in the preceding result were defined parametrically by
Proposition 4 in [11], and go as follows. At each point x ∈ Mn consider the vector
subspace Ω(x) = span{∇̃Xη : X ∈ TxM} ⊂ Tx R

n+2, where ∇̃ stands for the connec-
tion in the Euclidean ambient space. It turns out that the normal connection form
ψ(X) = 〈∇⊥

Xξ, η〉 = 0 for any X ∈ ker Aη. It is now easy to see that the subspaces
Ω(x) ⊂ (ker Aη(x))

⊥ ⊕ span{ξ(x)} are two-dimensional, and hence the orthogonal com-
plement subspaces form a line bundle π: Λ → Mn. The extension F of f is defined as
the restriction of h: Λ → R

n+2 given by

h(v) = f(x) + v if x = π(v), (12)

to an open neighborhood Nn+1 of the zero section of Λ where h is an immersion. The
Gauss map of F is η up to parallel identification in the ambient space along the fibers
of Λ, i.e., η(λ) = η(π(λ)), and hence F is a submanifold of rank two. The hypersurface
F was called in [11] an extension with relative nullity of f because the fibers of Λ are
contained in its relative nullity. LetX0 ∈ TM be such that Λ(x) = span{ξ(x)+f∗x(X0)}.
It turns out that Λ′(x) = span{ξ′(x) + f ′

∗x(X0)}, and hence Λ and Λ′ are isometrically
identified. Then the immersion F ′ is defined similarly along the same manifold Nn+1

and induces the same metric as F .

Proof of Theorem 1: Assume that f admits a nowhere congruent isometric immersion
f ′: Mn → R

n+2. From the proof of standard rigidity results and the assumption that αf

spans the full normal space everywhere, there is an open dense subset of Mn where the
second fundamental forms of f and f ′ satisfy αf 6= αf ′ , that is, they are not congruent
by an isometry between their normal spaces; cf. [18]. For the purpose of this proof we
may assume that this property holds at any point of Mn.

It follows from Corollary 8 that ∆′ = ∆ everywhere. Moreover, f ′ is elliptic with
J ′ = J on an open dense subset of Mn. In fact, since f is nowhere surface-like, by
Lemma 6 there is T0 ∈ ∆ such that CT0

= aI + J . Hence, for any ξ ∈ T⊥
f ′M we have by

(8) that
A′

ξJ = A′
ξCT0

− aA′
ξ =

tCT0
A′

ξ − aA′
ξ =

tJA′
ξ.
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Moreover, there is no open subset U ⊂ Mn such that the space spanned by the second
fundamental form of f ′ has dimension one. Otherwise, we have by Theorem 1 in [14]
that f ′|U has substantial codimension one, and that contradicts our assumptions.

For an elliptic submanifold the rank of the shape operator in any normal direction
must be two. In view of Lemma 10 and our assumption that αf 6= αf ′ everywhere, it
remains to show that there exist smooth unit vector fields ξ ∈ T⊥

f M and ξ′ ∈ T⊥
f ′M

such that Aξ = A′
ξ′ . It suffices to prove the same fact pointwise since smoothness then

follows from Lemma 7 in [11]. Let β: ∆⊥ × ∆⊥ → T⊥
f M × T⊥

f ′M be the bilinear form
defined by

β(X, Y ) = (αf (X, Y ), αf ′(X, Y )).

Since f and f ′ are elliptic with the same complex structure J then also β is elliptic
with respect to J . Thus S(β) = span{β(X, Y ) : X, Y ∈ ∆⊥} satisfies dimS(β) = 2.
Moreover, β is flat with respect to the indefinite metric of type (2, 2) given by

〈〈 , 〉〉T⊥

f
M×T⊥

f ′
M = 〈 , 〉T⊥

f
M − 〈 , 〉T⊥

f ′
M .

In particular, the metric induced on S(β) cannot be definite. We conclude that there is
a nonzero null vector (ξ, ξ′) ∈ (S(β))⊥, i.e., 0 6= ‖ξ‖ = ‖ξ′‖ and Aξ = Aξ′ , as desired.

Proof of Corollary 2: Since f is real analytic there is no open subset of Mn where f is
surface-like. It remains to show that Mn does not have a local isometric immersion as a
hypersurface. To see this, take a local smooth orthonormal frame {ξ1, ξ2} of T⊥

f M such
that detAξ1 = detAξ2 and a function θ ∈ C∞(M) satisfying Aξ2 = AJθ, where A = Aξ1

and Jθ = cos θI + sin θJ . In the sequel all computations are done on ∆⊥. We have that
2 detA = s < 0 is the scalar curvature of Mn. Consider an orthonormal tangent frame
{e1, e2} such that Aej = (−1)1+j

√

−s/2 ej with Je1 = −e2. A long but straightforward
computation gives that the Codazzi and Ricci equations for f reduce to

2sψ ◦ JJ−θ = ds ◦ J − 2γ, (13)

dθ = −2 cos θ ψ ◦ J, (14)

dψ = −s sin θe1 ∧ e2, (15)

where γ and ψ are the connection one-forms γ(X) = 〈∇Xe1, e2〉 and ψ(X) = 〈∇⊥
Xξ1, ξ2〉.

Suppose thatMn has a local isometric immersion as a hypersurface. It is easy to see
that such a submanifold must have rank two and be minimal. Thus there is a function
τ ∈ C∞(M) such that 2AJτ is its second fundamental form. That AJτ is a Codazzi
tensor implies that the one-form (2s)−1ds ◦ J − 2γ = −dτ is exact. This together with
(13) and (14) give that the one-form sin θ ψ must also be exact, and then (15) yields
cos θ dθ ∧ ψ = s sin2 θe1 ∧ e2. Now using (14) again, we obtain that

‖dθ‖2 e1 ∧ e2 = dθ ∧ dθ ◦ J = 2 cos θ dθ ∧ ψ = 2s sin2 θ e1 ∧ e2.

But this is a contradiction since s < 0 and θ 6= 0, π because f is substantial.
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Proof of Proposition 3: First observe that it follows from our assumptions and the
Sbrana-Cartan classification that the rulings of f are unique. Then, there are smooth
orthonormal frames {X, Y } of ∆⊥ and {ξ, η} of T⊥

f M such that its second fundamental
form is

Aξ|∆⊥ =

[

a b
b 0

]

and Aη|∆⊥ =

[

λ 0
0 0

]

, (16)

the subspaces R = span{Y } ⊕∆ are tangent to the rulings and by the Gauss equation
b2 = −K(X, Y ) 6= 0. Hence, we can take b > 0 and λ ≥ 0. We obtain from the
Codazzi equation for Aη that ξ and η are parallel in the normal connection along the
rulings. Then any ruled isometric immersion f̃ : Mn → R

n+2 is determined by three
smooth functions a, λ and ψ = 〈∇⊥

Xξ, η〉 such that (16) satisfies the Codazzi and Ricci
equations. The Codazzi and Ricci equations involving the three functions are















Y (a) = 〈∇XX, Y 〉a+X(b)

Y (λ) = 〈∇XX, Y 〉λ+ bψ

Y (ψ) = 〈∇XX, Y 〉ψ − bλ

and















Z(a) = 〈∇XX,Z〉a+ 〈∇XY, Z〉b

Z(λ) = 〈∇XX,Z〉λ

Z(ψ) = 〈∇XX,Z〉ψ,

(17)

where Z ∈ ∆. It follows that {a, λ, ψ} can be arbitrarily prescribed along an integrable
curve of X, and then they are completely determined by (17). By choosing λ = 0 and
ψ = 0 we obtain all possible isometric immersion of Mn as a ruled hypersurface.

Given two ruled isometric immersions f1, f2 in the same family such that at least
one of them, say f1, is not a hypersurface, it is easy to see that there are local smooth
orthonormal frames {δj , γj} normal to fj, 1 ≤ j ≤ 2, such that

A1
δ1
= A2

δ2
. (18)

If rankA1
γ1

= 2, then the pair f1, f2 extends isometrically by Lemma 10. Now assume
that rankA1

γ1
= 1. In this case each fj corresponds to a solution {aj, λj, ψj} of (17)

with a1 = a2. By Proposition 4 in [11], there are flat hypersurfaces Fj: N
n+1
j → R

n+2

and local isometric inclusions hj: U ⊂ Mn → Nn+1
j with second fundamental form Aj

δj

such that fj = Fj ◦ hj, 1 ≤ j ≤ 2. We conclude from (18) that there is a (local)
isometry τ : Nn+1

1 → Nn+1
2 such that h2 = τ ◦ h1. Hence f2 = F2 ◦ τ ◦ h1, and conclude

that F1, F2 ◦ τ : N
n+1
1 → R

n+2 are isometric extensions of f1 and f2. The proof of the
converse in the statement is straightforward.

Proof of Theorem 4: There exist smooth orthonormal frames {X, Y } of ∆⊥ and {ξ, η}
of T⊥

f M such that the second fundamental form of f has the form (16). By Corollary 8

we have to consider two cases. Suppose that f̂ has constant index ν(x) = n − 3 on an
open subset U of Mn. Then along each connected component of an open dense subset
of U we have that f̂ = h ◦ g is a composition of isometric immersions. Moreover, in
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terms of the tangent frame {X, Y } the second fundamental form A of g has the form

A|∆⊥ =

[

a′ b
b 0

]

. (19)

If a′ = a in an open subset, we obtain from Lemma 10 that f is a composition, and
that is a contradiction. After assuming a′ 6= a a straightforward computation using the
Codazzi equation for f and f̂ yields that f and g are ruled. Hence, f is a submanifold
as described by Proposition 3. Since ν(x) = n− 3, there are no unit vectors ξ ∈ T⊥

f M

and ξ′ ∈ T⊥
f̂
M such that Aξ = Aξ′ , and hence f̂ is a genuine deformation of f .

Assume now that ∆ = ∆′ everywhere. In this situation the argument for the elliptic
case still works if we manage to rule out the case in which there are smooth orthonormal
normal frames ξ, η and ξ′, η′ such that Aξ = A′

ξ′ and rankAη = rankA′
η′ = 1. By (8)

we have ker Aη = ker A′
η′ . Take an orthonormal tangent frame {X, Y } spanning ∆⊥

such that AηX = λX and A′
η′X = λ′X with 0 6= λ 6= λ′. Notice that 〈AξY, Y 〉 = 0.

Comparing the Codazzi equations for Aξ = A′
ξ′ applied to X, Y we obtain λψ(Y ) =

λ′ψ′(Y ), where ψ(Z) = 〈∇⊥
Zξ, η〉. On the other hand, the Codazzi equations for Aη

and A′
η′ yield λ′ψ(Y ) = λψ′(Y ). It follows that ψ(Y ) = 0. We easily conclude from

the Codazzi equation that the submanifolds are ruled, and by Proposition 3 this is a
contradiction.

Examples. It was shown in [10] that the singular set Σ of a generalized Sbrana-Cartan
hypersurface f of continuous or discrete class forms a codimension two deformable sub-
manifold of rank two. Moreover, any deformation of f induces an isometric deformation
of Σ that preserves the shape operator of rank two and the kernel of the shape operator
of rank one. In particular, Σ cannot be elliptic. The Sbrana-Cartan hypersurface f can
be recovered from Σ by taking an extension by relative nullity as in (12) but now Λ is a
tangent line bundle. Moreover, given an isometric deformation of Σ′ of Σ induced by an
isometric deformation f ′ of f , it is not difficult to see that there are no other extensions
by relative nullity of Σ and Σ′ to isometric but not congruent hypersurfaces. Finally, we
see that Σ must be hyperbolic. To rule out the parabolic case one can use the argument
at the end of the preceding proof to conclude that the submanifold must be ruled. But
then the same would be true for the original Sbrana-Cartan hypersurface, and that is
not the case.

Of course, the examples just described are rather special. In general, we see no reason
why a deformation of a hyperbolic submanifold must preserve one shape operator. On
the other hand, if it does then it follows using Lemma 10 and Lemma 9 in [11] that
there are always isometric extensions as either flat or (maybe singular as just seen)
Sbrana-Cartan hypersurfaces.

Although submanifolds in codimension two that admit genuine deformations should
be abundant not many examples are known. One family of examples are the complex
ruled real Kaehler submanifolds in codimension two and rank four discussed in [12].
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These submanifolds have generically and locally an associated family of deformations
that are genuine.

Proof of Theorem 5: From Theorem 25 in [5] we have that f is minimal. Since the holo-
morphic representative F is substantial, by Proposition 3.2 in [16] any minimal isometric
immersions ofM2n into Euclidean space for any codimension is congruent to one element
in the two-parameter family of pseudoholomorphic submanifolds Fϕ,θ: M

2n → R
2n+4 de-

fined by
Fϕ,θ = (sinϕfθ, cosϕfθ+π/2), where ϕ ∈ [0, π].

As in the case of minimal surfaces, it is easy to see that the only elements of Fϕ,θ that
lie in substantial codimension two are the ones that belong to the associated family of
f , and that proves (i).

We have by Theorem 1 that f and f ′ are not genuine deformations one of the other.
Thus, (along an open dense subset still called M2n) there are local and nowhere con-
gruent isometric Sbrana-Cartan hypersurfaces F, F ′: N2n+1 → R

2n+2 and an isometric
embedding j: M2n → N2n+1 such that f = F ◦ j and f ′ = F ′ ◦ j. It is left to see that
F is of complex type in the discrete class.

By part (i) and the proof of Corollary 2, we know that M2n admits no isometric
immersion as an Euclidean hypersurface. The extensions F and F ′ are with relative
nullity on an open dense subset, that we still assume to be all of M2n. This is so
because all shape operators in any normal direction of f and f ′ have rank two, as well
as the second fundamental forms of F and F ′.

We argue at a fixed point y = j(x) ∈ j(M) ⊂ N2n+1 throughout the full argument.
We have that ∆⊥

F (y) = j∗x∆
⊥
f (x). Hence, T ′ = j∗xT ∈ ∆F (y) if T ∈ ∆f (x), and we

obtain for the splitting tensors of f and F and X, Y ∈ ∆⊥
f (x) that

〈CF
T ′j∗X, j∗Y 〉 = −〈∇̃XF∗T

′, F∗j∗Y 〉 = −〈∇̃Xf∗T, f∗Y 〉 = 〈Cf
TX, Y 〉.

We have that f cannot be surface-like on any open subset because, otherwise, its holo-
morphic representative would not be substantial. It follows using J∆ = ∆ (see (2))
that

span{CF
T : T ∈ ∆F (y)} = span{Cf

T : T ∈ ∆f (x)} = span{I, J ′},

where J ′ = J |∆⊥

f
(x) and J stands for the complex structure of M2n. In particular, F is

neither surface-like nor ruled, and it is of complex type since J ′ has no real eigenvalues.
We show next that F does not belong to the continuous class.

By contradiction, assume that F admits a one-parameter family Ft of isometric
deformations. Then, there is a nontrivial one-parameter family of isometric deformations
f t = Ft◦j of f that preserves a shape operator in one normal direction, that is, there are

orthonormal bases {ξ, η} of T⊥
f(x)M and {ξt, ηt} of T⊥

f t(x)M such that Af
ξ = Af t

ξt
. Notice

that these bases are the ones that satisfy ξ ∈ TF (y)N and ξt ∈ TFt(y)N . On the other
hand, the only isometric deformations of f are those of its associated family fθ. This
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follows from Proposition 3.2 in [16] and the fact that the immersion (4) is substantial by
assumption. Therefore, there exists a nonconstant function θ = θ(t) such that f t = fθ(t).

Since Af
ξ ◦ J is symmetric by (8), there are a, b ∈ R such that Af

η = Af
ξ (aI + bJ). We

have that (3) is equivalent to Afθ
δ = Af

δ ◦Jθ for any δ ∈ T⊥
f(x)M . Thus there is a function

u = u(t) such that

Af
ξ = Af t

ξt
= cos u(t) Af

ξJθ(t) + sin u(t) Af
ηJθ(t)

= Af
ξJθ(t) (cos u(t)I + sin u(t) (aI + bJ)) .

Since Af
ξ |∆⊥

f
(x) is nonsingular, we get that

−b sin u(t) = sin θ(t)

cos u(t) + a sin u(t) = cos θ(t).

We obtain sin u(t) ((a2 + b2 − 1) sin u(t) + 2a cos u(t)) = 0. Since (a, b) 6= (0,±1) be-
cause f is not holomorphic, we conclude that u(t) is constant. Hence θ(t) is constant
and that is a contradiction.

To conclude, we observe that Proposition 7 can be used to prove the following un-
proved observation given after Theorem 1 in [15].

Proposition 11. Let f : Mn → R
n+p be an isometric immersion of a Riemannian

manifold with nonpositive sectional curvature. We assume ν(x) = n − 2p + 1 and
µ(x) = n− 2p+ 2 everywhere. Then, there is an open dense subset V ⊂ Mn such that
each connected component Vλ of V splits isometrically as Vλ = Mn1

1 × · · · × M
np−1

p−1 ,
and there are nowhere flat hypersurfaces fi:M

ni

i → R
ni+1, 1 ≤ i ≤ p − 1 and a flat

hypersurface h: Uλ ⊂ R
n+p−1 → R

n+p such that f |Vλ
= h ◦ (f1 × · · · × fp−1).

Proof: By Theorem 1 in [15] we may assume that p = 2, and hence ν(x) = n− 3. The
result follows from Proposition 7.
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